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Problem 1

Let G be a finite group and let φ : G→ G be the mapping x 7→ xn where n
is a natural number.

1a

Show that if G is abelian, then the mapping φ is a group homomorphism.
Show that if n = 2, and φ is a group homomorphism, then G is abelian.

1b

Assume that G is cyclic and of even order, and let n = 2. Show that Imφ is
of index two. Show by giving an example, that the condition G be cyclic, is
necessary.

1c

Assume that G is cyclic and of even order, and let n = 6. What is the index
of Imφ?

Problem 2

2a

Let A be an integer and let f(X) be the polynomial f(X) = X4 +AX + 1.
Show that f(X) is irreducible in Z[X] if and only if A 6= ±2. Find a
factorization of f(X) into irreducible polynomials when A = ±2.

(Continued on page 2.)
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2b

Suppose that F a field where the equation x2+1 = 0 does not have a solution,
but where there is an element a ∈ F such that a2 = −2. Let g(X) = X4+1.
Show that g(X) is reducible in the polynomial ring F [X], and write g(X) as
a product of polynomials irreducible in F [X].

2c

Show that X4 + 1 is not irreducible over Z11.

Problem 3

Assume that p is a prime such that p+2 is a prime as well. Let G be a group
of order p2(p+ 2). Show that all the Sylow subgroups of G are abelian and
normal.

Problem 4

Let S6 denote the symmetric group on 6 letters.

4a

Show that the cycles σ = (1, 2, 3) and τ = (4, 5, 6) generate an abelian
subgroup of order 9 of S6 which is isomorphic to Z3 × Z3.

4b

Show that all the Sylow 3-subgroups of S6 are isomorphic to Z3 × Z3.

4c

How many Sylow 3-subgroups are there in S6? Hint: In how many ways
can one write {1, 2, 3, 4, 5, 6} as a disjoint union of two subsets each having
three elements?

END


