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Problem 1

1a
Find all abelian groups of order 12 up to isomorphism.

1b
Show that the matrices

M =

{(
a b
0 c

)
| a, c ∈ Z3 \ {0}, b ∈ Z3

}
form a group under matrix multiplication.
What is the order of M? Find and list all elements in M of order 3. Is M abelian?
Give reasons for your answer.

1c
A permutation is even (resp. odd) if it is a product of an even (resp. odd) number of
transpositions.
Show that a 3-cycle is even, and that a 4-cycle is odd.
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1d
The set of even permutations on 4 elements is a group of order 12. Is it isomorphic
to M? Give reasons for your answer.

Problem 2
Let K be the splitting field of f = (x3 − 8)(x2 − 2) ∈ Q[x].

2a
Find the degree [K : Q] and the group G(K/Q).

2b
Find an element a ∈ K such that K = Q(a).

Problem 3

3a
What is an integral domain? Show that Z[x]/(x2 + 1) is a integral domain.
Is Z[x]/(x2 − 1) an integral domain? Give reasons for your answer.

Problem 4
An element r 6= 0 in a ring is nilpotent if rn = 0 for some n > 1.

4a
Show that the set of nilpotent elements in a commutative ring together with 0 form
an ideal.

(Continued on page 3.)
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4b
The set of matrices

M ′ =

{(
a b
c d

)
| a, b, c, d ∈ Z3

}
with matrix addition and matrix multiplication is a ring.

Show that a nilpotent element in M ′ has determinant
∣∣∣∣ a b
c d

∣∣∣∣ = 0.

Find and list all nilpotent elements in M ′.

END


