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Problem 1 Finite abelian groups

a

Is Z≥0 equipped with the operation of addition a group? Justify your answer.

Solution The set Z≥0 = {x ∈ Z | x ≥ 0} is not a group under the
operation of addition. The element 0 ∈ Z≥0 is the identity element of the
operation +. If x ∈ Z and x 6= 0, then the additive inverse a of x satisfies
x + a = 0 so that a < 0 and a 6∈ Z≥0. The set lacks additive inverses and
therefore is not a group.

b

What are the abelian groups of order 18 up to isomorphism?

Solution By the classification theorem of finitely generated abelian
groups an abelian group of order 18 must be of the form:

Zp
r1
1
× Zp

r2
2
× Zp

rk
k

where the pi’s are not necessarily distinct primes and 18 = pr11 . . . prkk . Since
18 = 2 ·32, there are two groups of order 18 up to isomorphism and they are,

Z2 × Z9 and Z2 × Z3 × Z3

c

What are the cosets of the subgroup 〈(0, 3)〉 in the group Z2×Z9? Describe
the quotient

Z2 × Z9

〈(0, 3)〉
as a product of finite cyclic groups.

(Continued on page 2.)
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Solution We have H = 〈(0, 3)〉 = {(0, 0), (0, 3), (0, 6)} and the cosets of
H are

H, (0, 1) +H, (0, 2) +H, (1, 0) +H, (1, 1) +H, (1, 2) +H.

Therefore, the quotient group is a group of order 6. By the classification
theorem of finitely generated abelian groups, there is only one abelian group
of order 6 up to isomorphism, it is the cyclic group Z6

∼= Z3 × Z2.
Alternatively, we can argue that Z2×Z9 is a cyclic group and any quotient

of a cyclic group is cyclic. Since the order of the quotient group is 6 it is the
cyclic group Z6.

Problem 2 Symmetric group

a

Let σ = (2, 6, 1, 4, 3) and τ = (5, 2, 1, 3) be permutations in S6. Express the
composition στ in disjoint cycle notation. What is the order of στ?

Solution We first rewrite the composition of στ = (2, 6, 1, 4, 3)(5, 2, 1, 3)
in disjoint cycle notation as στ = (3, 5, 6, 1, 2, 4). The composition consists
of a single cycle of order 6. Therefore the order of στ is 6, this is the smallest
positive integer such that (στ)k = id.

b

Show that if σ ∈ Sn is a cycle of odd length 2k+1 then σ2 is also a cycle of
length 2k + 1.

Solution To show that σ2 is also a cycle of length 2k+1, we must show
that the action of H = 〈σ2〉 on {1, . . . , n} has one orbit of length 2k+1 and
the rest of the orbits of size 1.

Suppose the cycle is σ = (a1, . . . , a2k+1), so that σ(aj) = (aj+1) for
j ≤ 2k and σ(a2k+1) = a1. If i 6∈ {a1, . . . , a2k+1} then σ2(i) = σ(i) = i,
and Oi = {i} is an orbit of size 1. Otherwise consider aj ∈ {a1, . . . , a2k+1},
then Oaj = {(σ2)s(aj) | s ∈ Z}. We claim that Oaj = {a1, . . . , a2k+1}.
Notice that (σ2)s(aj) = σ2s(aj) = aj+2s where j + 2s is considered modulo
2k + 1. Now given any j′ ∈ {1, . . . , 2k + 1}, there exists an s ∈ Z such that
congruence j′ ≡ j + 2s mod 2k + 1 since 2 and 2k + 1 are relatively prime.
Therefore, the permutation σ2 has a single orbit of size 2k+1 and the other
orbits are of size 1. By definition σ2 is

c

Let G be a subgroup of the symmetric group Sn such that there exist
permutations σ2, . . . , σn ∈ G satisfying σi(1) = i for 2 ≤ i ≤ n. Show
that G acts transitively on the set {1, . . . , n}. In other words, show that
for each pair 1 ≤ i, j ≤ n there is a permutation σ ∈ G such that σ(i) = j.

Solution For a pair i, j consider the permutation σ := σjσ
−1
i . Then

σjσ
−1
i (i) = σj(1) = j. Therefore σ(i) = j, moreover σ ∈ G since

(Continued on page 3.)
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the subgroup G must contain σ−1i if it contains σi and it is closed under
composition.

Problem 3 Rings and quotients

a

Show that if n is not a prime number, then nZ is not a prime ideal of Z.

Solution *We assume n 6= 0.
By definition, an ideal I of a commutative ring R is prime if for all

a, b ∈ R ,if ab ∈ I then either a ∈ I or b ∈ I.
We have nZ = {k ∈ Z | n divides k}. If n is not a prime number then

n = ab where a and b are some other integers not equal to ±1. Then
n = ab ∈ nZ but since both a, b are not equal to ±1, we have a, b < n so n
cannot divide either of them and a, b 6∈ nZ. Therefore nZ is not prime.

b

Show that the quotient
Z2[x]

〈x3 + x+ 1〉
is a field. How many elements does it contain?

Solution The quotient

K =
Z2[x]

〈x3 + x+ 1〉

is a field if and only if 〈x3 + x+ 1〉 is a maximal ideal of Z2[x]. Since Z2 is
a field, the ideal 〈x3 + x+ 1〉 is maximal Z2[x] if and only if the polynomial
x3 + x+ 1 is irreducible in Z2[x].

We first see that the polynomial has no zeros in Z2 since 03 + 0 + 1 6= 0
and 13 + 1+ 1 6= 0 in Z2. Therefore, the polynomial is irreducible since it is
of degree three and any factorization over Z2 would consist of at least one
linear factor, and hence imply it has a zero in Z2.

The field K is a degree 3 field extension of Z2 and hence it has 23 = 8
elements.

c

Find a polynomial p(x) ∈ Z2[x] such that deg(p(x)) ≤ 2 and

x5 + 〈x3 + x+ 1〉 = p(x) + 〈x3 + x+ 1〉

in Z2[x]
〈x3+x+1〉 .

Solution The polynomial x2(x3 + x+ 1) ∈ 〈x3 + x+ 1〉 Therefore,

x5 + 〈x3 + x+ 1〉 = x5 + x2(x3 + x+ 1) + 〈x3 + x+ 1〉

(Continued on page 4.)
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and

x5+ 〈x3+x+1〉 = x3+x2+ 〈x3+x+1〉 = x3+x2+(x3+x+1)〈x3+x+1〉.

So that

x5 + 〈x3 + x+ 1〉 = x2 + x+ 1 + 〈x3 + x+ 1〉

and the polynomial p(x) = x2 + x+ 1.

Problem 4 Galois theory

a

Let K be the splitting field of the polynomial f(x) = x3 − 2 ∈ Q[x] over Q.
Find the degree [K : Q] and the Galois group G(K,Q).

Solution Since the polynomial f(x) is of degree 3, we have [K : Q] ≤ 6
and G(K,Q) is isomorphic to a subgroup of the symmetric group S3. The
zeros of f(x) are ζj3

3
√
2 for j = 0, 1, 2 where ζ3 = e

2πi
3 . Therefore, no roots of

f(x) are in Q and since f(x) is a cubic polynomial it is irreducible over Q.
Now the field Q( 3

√
2) is a simple extension of Q and has [Q( 3

√
2) : Q] = 3,

since f(x) is the irreducible polynomial of 3
√
2. But the field Q( 3

√
2) is

contained in the field of real numbers hence the other zeros ζ3 3
√
2, ζ23

3
√
2

are not in Q( 3
√
2).

Therefore, we have Q ⊂ Q( 3
√
2) ⊂ K so [K : Q] = [K : Q( 3

√
2)][Q( 3

√
2) :

Q] = 3[K : Q( 3
√
2)] Since Q( 3

√
2) 6= K we have 3 < [K : Q] and since

[K : Q] ≤ 6 we must have [K : Q] = 6. By the Galois correspondence
the group G(K,Q) has order 6. Since it is isomorphic to a subgroup of S3
and |S3| = 6, the Galois group G(K,Q) is isomorphic to the full symmetric
group.

b

Let K be the splitting field of an irreducible polynomial f(x) ∈ Q[x] of
degree 3 over Q. Let A3 denote the alternating group, i.e. the subgroup of
even permutations in S3. Show that G(K,Q) = A3 if and only if K = Q(α)
where α is a root of f(x).

Solution Following the argument above, if K = Q(α) where α is a root
of the irreducible polynomial f(x) then [K : Q] = 3 and by the Galois
correspondence |G(K,Q)| = 3. There is only one subgroup of S3 of order 3
and it is the alternating group A3 = 〈(1, 2, 3)〉.

For the other direction suppose that G(K,Q) = A3 then [K : Q] = 3
however for any root α of f(x) we have [Q(α) : Q] = 3 since f(x) is
of degree 3 and is the irreducible polynomial of α over Q. Therefore,
[K : Q] = [K : Q(α)][Q(α) : Q] implies that [K : Q(α)] = 1 and so
K = Q(α).

(Continued on page 5.)
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c

Conclude that all roots of the polynomial f(x) from part b) must be in R.
Hint: Use that a polynomial of odd degree with coefficients in Q must have
at least one real root α ∈ R.

Solution A polynomial from part b) of degree 3 has Galois group
G(K,Q) = A3 and that K = Q(α) where α is any of is any zero of
f(x). A polynomial of degree 3 with coefficients in Q must have at least
one zero in the real numbers, so we can suppose that α ∈ R. Then
K = Q(α) = {a + bα + cα2 | a, b, c ∈ Q} and since α, α2 ∈ R, we have
K ⊂ R. The splitting field K contains the all roots of f(x), therefore all
roots of f(x) are real.

THE END
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