
Exercises MAT2200 spring 2013 — Ark 5

Group actions

This sheet covers Section 16 Groups actions on a set in the book. The exercises are

intended for the group on Thursday, Mar 22.

There is no lecture on Friday, Mar 22. Coming soon: Ark 6 for the two weeks after

Easter. A preliminary program for the rest of the course.

Problem 1. Let K✓C be the square with corners ±1 and ±i and let D8 be the

symmetry group of K.

a) Check that D8 acts on the set of corners, on the set of sides and on the set of

diagonals of K.

b) Describe the isotropy group of each of the corners of K.

c) Describe the isotropy group of each of the sides of K.

d) Describe the isotropy group of each of the diagonals of K.

Problem 2. (Basically Section 16, No.: 6 on page 159 in the book). Assume that

the group G acts on the set X. A subset Y✓X is called G-invariant if g(x) 2 Y for

any g 2 G and any x 2 Y . Show that a subset Y of X is G-invariant if and only if Y
is the union of G-orbits.

Problem 3. Let G act on the set X and let Y✓X be a subset. Define GY = { g 2
G | gY = Y }.
a) Show that GY is a subgroup of G.

b) Show that GY = GY c
where Y c

denotes the complement of Y in X.

c) Let n and k be two integers with k < n. Then Ik✓ In. Let G = Sn act on In in the

usual way, i.e., by permuting the numbers. Show that GIk ' Sk ⇥ Sn�k

Problem 4. Assume that the cyclic group Cp of order a prime number p act on a set

X. Show that an orbit of Cp either consists of p different points or is reduced to one

point.

Problem 5. Let In = {1, 2, . . . , n} on which the symmetric group Sn acts in the usual

way.

a) Check that �(i, j) = (�(i), �(j)) defines an action of Sn on the set In⇥In of all pairs

of elements from In.

b) Show that Sn has exactly two orbits in In ⇥ In.

Problem 6. Let G be a group and let S denote the set of subgroups of G. Check that

for any g 2 G the subset gHg�1
is a subgroup and show that this gives an action of

G on S. Show that isotropy group NG(H) of a subgroup H is the biggest subgroup

containing H in which H is normal.
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Problem 7. Assume that the group G acts on the two sets X and Y . We say that the

two actions are isomorphic if there is a bijective map � : X ! Y such that �(g(x)) =
g(�(x)) for all x 2 G. Show that if � is an isomorphism, then ��1

is an isomorphism.

Problem 8. Find all the non-isomorphic transitive actions of the following groups.

Z8 Z19 Z143 S3

Problem 9. Exam NTNU Friday 28. may 2004 problem 2 and problem 3—You find

the problems on the web-side.
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