
Exercises MAT2200 spring 2013 — Ark 6
p-Groups and Sylow theory

This “Ark” concerns the weeks No. !" (Apr #–$) and No. !$ (Apr %–!#).
The plans for the first two weeks after Easter are as follows:
On Wednesday Apr &: We do Section 18—Rings and Fields, Section 19—Intergral
Domains and Section 20—Femat’s and Euler’s theorem
On Friday Apr $: Exercises.
On Wednesday Apr !': I plan to do Section 21—The Field of Quotioents of an
Integral Domain and Section 22—Rings of Polynomilas
On Friday Apr !#: Exercises.

The exercises on this sheet cover Section 36 and Section 37 in the book. They are
ment for the groups on Friday Apr $ and Apr !# and Thursday Apr " and !! with
the following distribution:
Friday, Apr 5 : No.: 1, 8, 11, 12, 13, 14, 18, 22
Friday, Apr 12: No.: 24, 25, 26, ,27, 29
Thursday, Apr 4: No.: 2, 3, 4, 5, 6, 7, 9, 10, 15, 16
Thursday, Apr 11: No.: 17, 19, 20, 21, 23, 28, 30, 31

Key words: p-Groups and Sylow theory.

A few general facts

Problem 1. Assume that H and K are two subgroups of the finite group G.
a) Assume that H ! K = {e} and that |H||K| = |G|. Show that HK = G, i.e., any
element g in G can be written in an unique way as a product g = hk with h " H and
k " K. Hint: Prove that the map H #K $ G sending (h, k) to hk is bijective.
b) In general, show that the number of elements in HK equals |H||K|/|H !K|.

Problem 2. Show that if H and K are two normal subgroups in the group G whose
orders are relatively prime, then H and K commute. Hint: Show that H !K = {e}
and use problem 22 on Ark 4.

Problem 3.
a) Let A and B be two groups of order a and b respectively. Assume that a and b are
relatively prime. Show that any homomorphism ! : A $ B is trivial. Hint: Write
1 = ma+ nb and then x = (xn)b for any x " A.
b) Assume that G is a group and N%G be a normal subgroup. Let H%G be a subgroup
such that |H| and |Aut(N)| are relatively prime. Show that H and N commute.
Hint: Take a look at problem 19 on Ark4.



Ark6: Sylow theory and p-groups MAT2200 — Vår 2013

p-groups

Problem 4. Let "i be in µ2 = {±1} for i = 1, 2, 3, 4. Let G be the set of matrices of
the form !

"1 0
0 "2

"
or

!
0 "3
"4 0

"

Show that G is a group of order 8. Show that the center Z(G) of G is isomorphic to
Z2 and that G has an abelian subgroup isomorphic to Z2 # Z2. Determine the factor
group G/Z(G). Do you recognize this group?

Problem 5. Show that Aut(Z8) & Z2 #Z2 and that Aut(Z9) & Z6. Hint: Problem
5 c) on Ark 4 might be useful.

Problem 6.
a) Show that i p is a prime number, then the group of automorphisms Aut(Zp) is of
order p' 1 Hint: Problem 5 c) on Ark4 could of be of use.

b) Show that Aut(Z17), Aut(Z257) and Aut(Z65 537) are 2-groups. Hint: We have
17 = 24 + 1, 257 = 28 + 1 and 65 537 = 216 + 1 and the three numbers are prime1.

Problem 7. Give examples of two non-isomorphic non-abelian groups of order 8.

Problem 8. Show that i G is a non-abelian group of order p3, then Z(G) & Zp and
G/Z(G) & Zp # Zp Hint: Problem 32 on Ark 4 might be usefull.

Some general facts about Sylow p-groups

Problem 9. Assume that p is a prime and that H%G is a subgroup in the group G.
Show that if P is a Sylow p-group of G which is contained in H, then P is a Sylow
p-group in H.

Problem 10. Assume that H%G is a subgroup of a group G. Assume that for each
prime p at least one Sylow p-subgroups of G is contained in H. Show that H = G.

Problem 11. Let G be a finite group and p a prime number. Let P be the intersection
of all the Sylow p-groups of G. Show that P is a normal subgroup of G. Show that any
other normal p-group in G is contained in P .

Problem 12. Assume that G is a finite group and that p is a prime number. Let
H%G be a subgroup.
a) Show that for at least one Sylow p-group in G the intersection S ! H is a Sylow
p-group in H. Hint: A Sylow p-group of H is a p-group. Use Sylow II.

1They are the so called Fermat primes, that is primes of the form 2n + 1. Together with 5 they
are the only known Fermat primes. It is unknown if there are infinitely many Fermat primes. It is
an ongoing projected to try to factor numbers of the form 22

n

+ 1 (the exponent of two in a Fermat
prime has to be a power of two). Euler found the factorization 232+1 = 4294967297 = 641 ·6700417.
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b) Show that if we also assume that H is normal subgroup, then S ! H is a Sylow
p-group of H for any Sylow p-group S of G. Hint: Sylow II.

Problem 13. Let H%G be a normal subgroup and p a prime. Assume that P%H is
a Sylow p-group in H. The aim of this exercise is to show the equality HNG(P ) = G
(often called Frattini’s argument).
a) Show that for any g " G, then conjugate subgroup gPg!1 is a Sylow p-group in H.

b) Use Sylow II to prove that there is an h " H with hPh!1 = gPg!1.

c) Show that h!1g " NG(P ) and conclude that HNG(P ) = G.

Problem 14. Let p be a prime and let P%G be a Sylow p-group in the group G.
a) Show that if the normalizer NG(P ) is normal in G, then NG(P ) = G. Hint: Use
exercise 13 with H = NG(P ).

b) Show that NG(NG(P )) = NG(P ).

Some specific groups

Problem 15. Show that all groups of order 15 or 55 are abelian. How many such
groups are there?

Problem 16. (Section 36, No.: 13 on page 327 in the book). Show that every group
of order 45 has a normal subgroup of order 9.

Problem 17. (Section 36, No.: 18 on page 327 in the book). Show that there is no
simple group of order 255.

Problem 18. (Section 37, No.: 4 on page 333 in the book). Prove that every group
of order 5 · 7 · 47 is cyclic.

Sylow groups of alternating and symmetric groups

Problem 19. Show that the Sylow 5-group of A6 are cyclic of order 5.

Problem 20. Show that the Sylow 3-groups of A6 are isomorphic to Z3 # Z3. How
many Sylow 3-groups does A6 have? Hint: Use disjoint three-cycles to exhibit a
subgroup of A6 isomorphic to Z3 # Z3.

Problem 21. Show that the Sylow 7-groups of A14 are abelian but not cyclic.

Problem 22. Let p be an odd prime and assume that n < 2p. Show that the Sylow
p-groups of the symmetric group Sn are cyclic of order p.

Problem 23. Show that the permutations s = (1, 2)(3, 4) and r = (1, 2, 3, 4)(5, 6)
generates a subgroup of A6 isomorphic to the dihedral group D8. Conclude that the
Sylow 2-groups of A6 are isomorphic to D8.
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The only simple group of order 60 is A5

Problem 24. Let G be a group of order 15 or 20. Show that G has just one Sylow
5-group which by consequence is normal. In case the order of G is 15, show that G is
abelian. What can you say if the order is 20?

Problem 25. Show that if G is a group of order 60 that contains a subgroup of order
20 or 15, then G has a normal subgroup of order 5. Hint: If H is such a subgroup,
then H contains all elements in G of order 5. Then use problem 24.

Problem 26. The aim of this problem is to show that if S1, S2 and S3 are three Sylow
2-groups in a simple group of order 60, then S1 ! S2 ! S3 = {e}.
a) Let A = S1 ! S2 ! S3. Show that |A| ( 2.

b) Show that each Si%NG(A) and hence S1 ) S2 ) S3%NG(A).

c) Show that if |A| ( 2, then A is normal, and hence A = {e}. Hint: If |A| = 2 then
|NG(A)| * 8 by b).

d) Let S1, . . . , Sk be the di!erent Sylow 2-groups of G and let S =
#k

i=1 Si be their
union. Show that the number of elements in S is greater than 3k/2. Hint: Each
non-trivial element in S lies in at most two Sylow 2-groups.

Problem 27. The aim of this exercise is to show that A5 is the only simple group of
order 60. Assume that G is a simple group of order 60.

a) Show that G has 6 Sylow 5-groups and hence 24 elements of order 5. Hint: The
number of Sylow p-groups is either 1 or 6, and 1 is excluded since G is simple.

b) Show that G has 10 Sylow 3-groups and hence 20 elements of order 3. Hint: The
number is either 10 or 4 by Sylow III. If it were 4, the normalizer of a Sylow 3-group
would be of order 15, then use problem 25.

c) Show that the number of Sylow 2-groups is 5 Hint: By Sylow III the possible
numbers are 3, 5 and 15. Eliminate the case 3 by problem 25. Eliminate the case 15 by
estimating the number of elements in the Sylow 2-groups in two ways; by problem 26
and by a) and b).

d) Use the action of G on the set of the five Sylow 2-groups by conjugation to establish
an isomorphism G & A5.
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Analysis of some specific groups

Problem 28. Show that any group of order 2011 is abelian.

Problem 29. Let G be a group of order 2012.
a) Show that G has a unique normal subgroup S of order 503.

b) Show that S is cyclic and that the automorphism group Aut(S) contains a unique
element of order 2, namely the one sending x to x!1.

c) Let H be a Sylow 2-subgroup of G. Show that G/S & H and that G = SH.
Hint: Problem 1 is usefull for the last equallity.

d) Assume that G is not abelian. Show that the Sylow 2-group groups are isomorphic
to Z2 # Z2. Hint: Problem 32 on Ark4.

e) Assume that G is not abelian. Show that the center of G is isomorphic to Z2.
Hint: A Sylow 2-subgroup acts on S by conjugation.

f) Show that there are elements a, b and x in G such that x503 = e, a and b commute,
a2 = b2 = e, axa = x!1 and bx = xb, with the property that any element g " G is a
product g = xr0ar1br2 with 0 ( r0 < 503 and 0 ( r1, r2 ( 1.

Problem 30. Assume that G is a group of order 2013.
a) Show that G has a unique Sylow p-group for p = 11 and p = 61

b) Show that G has a normal, abelian subgroup of order 671.

c) Show that if G is not abelian, then Z(G) = Z11.

Problem 31. Show that a group of order 2014 has a cyclic, normal subgroup of order
1007.
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