
Mandatory Assignment MAT2200— Spring 2013

Solutions

Problem 1.

Let H and K be two subgroups of a group G and assume that the order of K is greater
than the index of H, that is |K| > (G : H).
a) Define the map � : K ! G/H by �(x) = xH. Show that � is not injective.
Solution If � were injective, there whould be at most (G : H) elements in K
contrary to the assumption that |K| > (G : H). X

b) Show that the intersection K \H is non-trivial, i.e., K \H 6= {eG}.
Solution Since � is not injective, one may find two different elements x and y
from K with �(x) = �(y), that is xH = yH. But this means that y�1x 2 H, hence
y�1x 2 H \K since K is a subgroup, and y�1x is a nontrivial element because x 6= y.

X

c) Show that if a 2 G, and ord(a) > (G : H) then for some integer satisfying 0 < m <
ord(a) it holds that am 2 H.
Solution We use the previous problem with K = h a i. As |K| = ord(a) > (G : H),
the intersection h a i \H contains a nontrival element. X

X

Problem 2.

Recall the following two formulas about permutations from the alternating group A5.
(You are not obliged to prove them, but highly recommended to understand them.):

(a1, a2, a3, a4, a5) = (a1, a5)(a1, a4)(a1, a3)(a1, a2)

(a1, a2, a3) = (a1, a3)(a1, a2)

a) Use the formulas above to show that A5 is generated by the elements of order two.
Solution Any permutation in S5 is the product of disjoint cycles whose lengths
add up to five (including possible cycles og length one, i.e., fixed points). The only
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possibilities are (where we do not include the fixed points in the description): a five-
cycle, a three-cycle, a product of two disjoint two-cycles—these are all even— a four-
cycle and a two-cycle —these are both odd. Hence the elements from A5 are five-cycles,
three cycles or the product of two disjoint two cycles. The elements in A5 of order two
are therefore the products of two two-cycles. By the second formula

(a1, a2, a3) = (a1, a3)(a1, a2) =
�
(a1, a3)(a4, a5)

��
(a4, a5)(a1, a2)

�
,

and we see that any three-cycle is a product of two elements of order two. Similarly for
the five-cycles:

(a1, a2, a3, a4, a5) = (a1, a5)(a1, a4)(a1, a3)(a1, a2) =

=

�
(a1, a5)(a2, a3)

��
(a2, a3)(a1, a4)

��
(a1, a3)(a4, a5)

��
(a4, a5)(a1, a2)

�
,

they are all product of four elements of order two. Hence any element i A5 is a product
of elements of order two. X

b) Show that

(a1, a2, a3, a4, a5)(a1, a3, a2, a4, a5) = (a1, a4)(a2, a5),

and use this to show that A5 is generated by the elements of order five.
Solution Letting ⌧ = (a1, a2, a3, a4, a5) and � = (a1, a3, a2, a4, a5) we feed the ai to
the left hand side of the equation and find

a1
�7! a3

⌧7! a4 a4
�7! a5

⌧7! a1

a2
�7! a4

⌧7! a5 a5
�7! a1

⌧7! a2

which describes the right hand side. This shows that any element of order two is the
product of two five-cycles, and since the elements of order two generate A5, the same
holds true for the five-cycles. X

c) Show that
(a1, a2, a3)(a1, a2, a4) = (a1, a3)(a2, a4)

and use this two show that A5 is generated by elements of order three.
Solution Letting ⌧ = (a1, a2, a3) and � = (a1, a2, a4) we feed the ai to the left hand
side of the equation and find

a1
�7! a2

⌧7! a3 a3
�7! a3

⌧7! a1

a2
�7! a4

⌧7! a4 a4
�7! a1

⌧7! a2

which describes the right hand side. This shows that any element of order two is the
product of two three-cycles, and since the elements of order two generate A5, the same
holds true for the three-cycles. X
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d) How many elements of order four are there in A5?
Solution None—the elements of A5 are five-cycles, three-cycles or the product of
two disjoint two-cycles whose orders are respectively 5, 3 and 2. X

X

Problem 3.

a) Show that there is no subgroup in A5 of order 15. Hint: If H were such a subgroup,
any five-cycles would lie in H by problem 1 c). Conclude by 2 b).
Solution Assume that H✓A5 is of order 15, that is of index 4, the order of A5 being
60. If follows that if � is any five-cycle, a nontrivial power �m lies in H by 1 c). Since
5 is prime, this implies that � 2 H. Hence H contains all five-cycles contradicting the
assumption that H is different from A5, the five-cycles generating A5 by 2 b). X

b) Show that there are no subgroups of A5 of order 30 or 20.
Solution Same style of argument as in the previous problem. If H✓A5 is of order
20, it is of index 3, and contains all five-cycles. Which is impossible. If H✓A5 is of
order 30, it is of index 2 and also in this case all five-cycles are in H. X

c) Give examples of subgroups of A5 of order 12 and 10. Are there abelian subgroups
of A5 of order 6? Are there non-abelian subgroups of order 6?
Solution The subgroup of A4 of permutations fixing one point is isomorphic to A4.
Hence of order 12.

The symmetry group of a regular pentagon — i.e., the dihedral group D10 — is of
order 10. It is contained in the group permuting the pentagons corners, and this group
is isomorphic to S5. The rotations are even–being five-cycles— and so are the reflections,
since they interchange two pairs of corners, so the symmetry group is contained in A5.

X

d) Are there any subgroups of order 6? (This is challenging.)
Solution Yes, there are such subgroups. Let I5 = {1, 2, 3, 4, 5} and let S and T
be two disjoint subsets of I5 with respectively 3 and 2 elements; e.g., S = {1, 2, 3}
and T = {4, 5}. Let H✓S5 be the subgroup of elements g with gS = S and gT = T .
Then clearly H ' S3 ⇥ S2 and is of order 12. The intersection H \A5 is not the whole
of H since H contain odd permutations, e.g., (4, 5), hence it is of index 2 in H, and
therefore of order 6 X

X
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Problem 4.

a) Let a and b be two n ⇥ n-matrices in Gl(n, C) such that a2 = b2 = �I, where I
denotes the identity n⇥ n-matrix. Assume that (ab)2 = �I. Show that ab = �ba.
Solution We find �ab = a(�I)b = a(abab)b = a2abb2 = �I · ab · (�I) = ab. X

b) Show that Q = {±a,±b,±ab,±I} is a subgroup of Gl(n, C) of order 8.
Solution The set Q is closed under multiplication: We have a(ab) = �b and (ab)a =

a(ba) = �aab = b. It follows that ±a(±ab) and ±(ab)(±a) are in Q. By symmetry
±b(±ab) and (±ab)(±b) are in Q. The rest of the products of elements from Q are
trivially in Q. Every element a in Q is either its own inverse, or the inverse equals �a,
hence the inverse is in Q. The order is obviously 8. X

c) Recall that the center Z(G) of the group G is the subgroup of G consisting of the
elements commuting with all elements from G.

Show that the center of Q equals the cyclic group h�I i generated by �I, and that
Q/Z ' Z2 ⇥ Z2.
Solution The elements ±I commute with everything. The elements ±a do not
commute with ±b, since ab = �ba, and ±ab does not commute with a since a(ab) = �b
and (ab)a = b. Hence the center is {±I}. The group Q/Z(Q) is abelian. Its order is
|Q|/|Z(Q)| = 8/2 = 4, and since the square of any element in Q lies in the center, every
element in Q/Z(Q) is of order two. A group of order four is isomorphic to Z2 ⇥ Z2 or
to Z4, but all elements are of order 2, so Z4 is excluded. X

d) Show that Q is not isomorphic to the dihedral group D8.
Solution In the group Q all three elements a, b and ab are of order four. In D8, the
only two elements of order four are the rotations by 90°and -90°respectively. Hence the
two groups are not isomorphic, one has three elements of order four, the other only
two. X

X
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