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Exercises MAT2200 spring 2014 — Ark 7

Application of Sylow theory and factorization

This “Ark” concerns the weeks No. �� (Apr��–Apr ��) and No. �� (Apr ��–May �).
Status for this week:

On Monday Apr � we did the first part of Section 45 (Unique Factorization Domains)
until theorem 45.17 which states that any pid is a ufd. On Friday Mar �� we finish
Section 45 , and may be say a few words about Euclidean domains.

The plans for the coming weeks are as follows:

I will be away on Monday Apr ��, and lecture will given by someone else. Because
of this we change the schedule slightly that week, and do theory on Friday Apr �� and
exercises on Apr ��.

After the easter vaction we start on Part X ( Automorphisms and Galois Theory),
thatis on Friday Apr ��.

The exercises on this sheet cover Section 37 , Section 45, Section 46 and Section

47. They are ment for the groups on (NB!) Monday Apr �� and Friday May � and
Wednesday Apr �� and �� with the following distribution:
Monday, Apr 28: No.: 7, 9, 10, 11, 25 24, 25
Friday, May 2: No.: 17, 18, 19, 20, 21, 22, 23
Wednesday, Apr 23: No.: 1, 2, 3, 4, 5, 6
Wednesday, Apr 30: No.: 8, 12, 13, 14, 15, 16

Applications of Sylow-theory

Oppgave 1. Assume that H and K are two subgroups of the group G.
a) Assume that H \K = {e} and that |H||K| = |G|. Show that HK = G, i.e., any
element g in G can be written in an unique way as a product g = hk with h 2 H and
k 2 K. Hint: Prove that the map H ⇥K ! G sending (h, k) to hk is bijective.

b) In general, show that the number of elements in HK equals |H||K|/|H \K|.

X

Oppgave 2. Show that if H and K are two normal subgroups in the group G whose
orders are relatively prime, then H and K commute. Hint: Show that H \K = {e}
and use problem 22 on Ark 4. X

Oppgave 3. Show that if A and B are two abelian, normal subgroups of the group G
whose orders are relatively prime, then AB is an abelian, normal subgroup as well. X
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Oppgave 4. Show that all groups of order 15 or 33 are abelian. How many such are
there? X

Oppgave 5. (Section 36, No.: 13 on page 327 in the book). Show that every group
of order 45 has a normal subgroup of order 9. X

Oppgave 6. (Section 36, No.: 18 on page 327 in the book). Show that there is no
simple group of order 255. X

Oppgave 7. (Section 37, No.: 4 on page 333 in the book). Prove that every group
of order 5 · 7 · 47 is cyclic. X

Oppgave 8. Show that any group of order 2011 is abelian. X

Oppgave 9. Let G be a group of order 2012.
a) Show that G has a unique normal subgroup S of order 503.

b) Show that S is cyclic and that the automorphism group Aut(S) contains a unique
element of order 2, namely the one sending x to x�1.

c) Let H be a Sylow 2-subgroup of G. Show that G/S ' H and that G = SH.
Hint: Problem 1 is useful for the last equality.

d) Assume that G is not abelian. Show that the Sylow 2-group groups are isomorphic
to Z2 ⇥ Z2. Hint: Problem 22 on Ark4.

e) Assume that G is not abelian. Show that the center of G is isomorphic to Z2.
Hint: A Sylow 2-subgroup acts on S by conjugation.

f) Show that there are elements a, b and x in G such that x503 = e, a and b commute,
a2 = b2 = e, axa = x�1 and bx = xb, with the property that any element g 2 G is a
product g = xr0ar1br2 with 0  r0 < 503 and 0  r1, r2  1.

X

Oppgave 10. Assume that G is a group of order 2013.
a) Show that G has a unique Sylow p-group for p = 11 and p = 61

b) Show that G has a normal, abelian subgroup of order 671.

c) Show that if G is not abelian, then Z(G) = Z11.

X

Oppgave 11. Show that a group G of order 2014 has a cyclic, normal subgroup of
order 1007. X

— 2 —



Ark 7: Sylow theory—factorization MAT2200 — Vår 2014

Content and irreducible polynomials

Oppgave 12. (Basically Section 45, No.: 5, 7 and 8 on page 399 in the book). For
which of the following rings R is the polynomial 2x+ 10 irreducible in R[X]:

R) = Z[X] R = Q[X] R = Z11[X].

X

Oppgave 13. (Basically Section 45, No.: 10 on page 399 in the book). Factor the
polynomial f(x) = 4x2�4x+8 as a product of irreducibles in the following three rings

Z[X] Q[X] Z11[X]

X

Oppgave 14. (Basically Section 45, No.: 16 and 17 on page 399 in the book).

Express the following two polynomials as the product of their content and a primitive
polynomial.

2x2 � 3x+ 6 2 Z[X] 2x2 � 3x+ 6 2 Z7[X]

X

Oppgave 15. Show that if a non-constant polynomial with coefficients in a UDF
divides a primitive polynomial, then it is primitive. X

Oppgave 16. Factor the polynomial x3 � y3 in a product of irreducible polynomials
in the ring C[x, y] of polynomials in two variables with complex coefficients. X

The Gaussian integers

Oppgave 17. For z = a+ pi 2 Z[i] let N(z) = zz̄ = |z|2 = a2 + b2.
a) Show that N(zw) = N(z)N(w), and show that z 2 Z[i] is a unit if and only if
N(z) = 1. Determine the units in Z[i].
b) Show that 2i has a square root in Z[i], and show that 2 is not a prime element in
Z[i].
c) Show that 3 is a prime element in Z[i]. Why is Z[i]/(3) a field? How many elements
does it have?
d) Show that 5 is not a prime element in Z[i] and find a factorisation of 5 into two
prime elements.

X

Oppgave 18. Show that the following two factor rings of Z[i] are fields and determine
their characteristic and order

Z[i]/(1 + i) Z[i]/(1 + 2i).

X

Oppgave 19. Factor 1 + 3i in a product of primes in Z[i]. X
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The ring Z[
p
2]

Oppgave 20. If x = a + b
p
2 is in Z[

p
2] let N(x) = a2 � 2b2. Show that N(x) is a

multiplicative function, that is N(xy) = N(x)N(y). X

Oppgave 21.
a) Show that x 2 Z[

p
2] is a unit if and only if |N(x)| = 1.

b) Show that 1 +
p
2 is a unit in Z[

p
2] and that there are infinity many positive and

infinitely many negative units in Z[
p
2].

X

Oppgave 22.
a) Show that the equation a2� 2b2 = 3 has no integral solutions, that is solutions with
a and b in Z. Hint: What are the squares in Z3?

b) Show that 3 is a prime in Z[
p
2]. Is 2 a prime?

X

Oppgave 23. Show that there is no unit x+y
p
2 in Z[

p
2] with 1 < x+y

p
2 < 1+

p
2,

and use this to show that any unit in Z[
p
2] is a power of 1 +

p
2. X

Problems from old exams

Oppgave 24. Eksamen MAT2200, Onsdag 2. juni, 2010 No.: 2. X

Oppgave 25. Eksamen MAT2200, Onsdag 5. juni, 2009 No.: 1. X
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