
Groups of order 8.

Lemma 1. Let G be a finite group such that all non-trivial elements have order 2.
Then G is abelian.

Proof. Let g 6= h ∈ G be non-trivial elements. Then gh 6= e and by assumption
(gh)2 = ghgh = e. It follows that g · ghgh · h = g · e · h = gh. But on the other
hand, since g2 = h2 = e we have g · ghgh · h = hg. �

We shall find all groups G of order 6. Using the fact that the order of an element
divides the order of the group, we know that the only possible orders of elements of
G are 1, 2, 3 and 6. The identity is the only element of order 1, and if there exists
an element of order 6, say g ∈ G, then the group is cyclic, hence abelian, given by
G = {e, g, g2, g3, g4, g5}.

Now suppose all non-trivial elements of G have order 2. Then by the above
lemma, G is abelian. Let g 6= h ∈ G be two non-trivial elements. Then the
subgroup H = 〈g, h〉 ≤ G has 4 elements, H = {e, g, h, gh = hg}. This is not
possible by the Lagrange theorem, which says that the order of a subgroup divides
the order of the group. In this case we can also argue directly, since there must be
another element, say k ∈ G, k /∈ H. But then k, gk and hk will be three distinct
elements of G, not in H. Thus we have found at least 7 different elements in a
group of order 6, which of course is impossible.

So we are left with the possibility that G contains an element g of order 3.
Pick an element h ∈ G, h 6∈ {e, g, g2}. Then again h, gh and g2h will be three
distinct elements of G, not contained in the subgroup 〈g〉 ⊂ G. Thus we have
G = {e, g, g2, h, gh, g2h}. To conclude we have to decide which elements in G that
correspond to h2 and hg. There are only two possibilities for hg. Either we have
hg = gh and the group is abelian, or we have hg = g2h and the group is non-
abelian. In the abelian case we can either have h2 = g, implying that h has order
6 and the group is cyclic, or we can have h2 = e or h2 = g2. If h2 = e, then the
element gh has order 6, and if h2 = g2, then again h has order 6. Thus the abelian
group of 6 elements has to be cyclic.

If G is non-abelian, i.e. hg = g2h, it follows that (gh)2 = ghgh = gg2hh = h2,
and also (g2h)2 = g2hg2h = hgg2h = h2. The only possibility is that h2 = (gh)2 =
(g2h)2 = e. Thus the non-abelian group of order 6 is generated by two elements, g
and h, where g3 = h2 = e, and hg = g2h.

Proposition 2. There are two distinct groups of order 6, the cyclic group, and
the non-abelian group generated by two elements, g and h, where g3 = h2 = e, and
hg = g2h.

Exercise.
Find and classify all groups of order 8.
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