
Structure of small rings

In this note we discuss the structure of ”small” rings, i.e. rings of seize p, pq or
p2 for primes p and q.

Remark 1. Let (G,+) be an abelian group. The trivial ring structure on G is a
ring (G,+, ·) where x · y = 0 for all x, y ∈ G. This structure exist for all abelian
groups. It is a ring without unity where all elements are zero-divisors.

Remark 2. The cartesian product of two rings (R,+, ·) and (R′,+, ∗) is a ring
with underlying abelian group (R×R′,+) and componentwise multiplication.

Proposition 3. Let (R,+, ·) be a finite ring such that the underlying abelian group
(R,+) is cyclic, generated by g ∈ R. Then the multiplicative structure of R is
uniquely determined by the product g · g.

Proof. Let ng,mg ∈ R for some n,m ∈ Z+. Then we have

ng ·mg = (g + · · ·+ g)︸ ︷︷ ︸
n copies

· (g + · · ·+ g)︸ ︷︷ ︸
m copies

= (g · g + · · ·+ g · g)︸ ︷︷ ︸
nm copies

�

An immediate consequence of this proposition is that if (R,+, ·) and (R,+, ∗)
are two rings with the same underlying abelian group (R,+) ' Zn, then the two
rings are isomorphic if and only if there exist a group automorphism

φ : (R,+, ·) −→ (R,+, ∗)
such that φ(1 · 1) = φ(1) ∗ φ(1).

Then we are ready to prove the first result.

Theorem 4. Let (R,+) ' Zp for a prime number p. Then, up to isomorphism,
there is a unique non-trivial ring structure lying above (R,+), the field structure
Fp.

Proof. Let (R,+, ·) be the ordinary ring structure on Zp, i.e. 1 ·1 = 1. Let (R,+, ∗)
be another ring structure. Define φ : (R,+, ·) → (R,+, ∗) by φ(1) = 1 ∗ 1. If φ is
non-trivial it is a group automorphism, since p is a prime number. But we have

φ(1 · 1) = φ((1 · 1) · (1 · 1)) = φ(1 · 1) ∗ φ(1 · 1) = φ(1) ∗ φ(1)

We know that with the ordinary multiplication Zp is a field. �

Thus it follows that for Zp there are two ring structures, the trivial one 1 ·1 = 0,
and the ordinary one, 1 · 1 = 1. We will write these two rings as (Zp, 0) and Fp.
Combining Theorem 4 with Remark 2 it follows that for two different primes p and
q, there are at least four non-isomorphic ring structures lying above Zpq. The next
theorem says that these are the only ring structures in this case.

Theorem 5. There are four non-isomorphic ring structures with underlying abelian
group Zpq for two different primes p and q, all of them cartesian products.

Proof. Let ∗ be a ring structure on Zpq. There are four possibilities for 1 ∗ 1, as
listed in the table;

mod p mod q Ring structure
≡ 0 ≡ 0 (Zp, 0)× (Zq, 0)
6≡ 0 ≡ 0 Fp × (Zq, 0)
≡ 0 6≡ 0 (Zp, 0)× Fq

6≡ 0 6≡ 0 Fp × Fq

and these are the only possibilities. Notice that the first one is the trivial ring
structure on Zpq and the last one is the ordinary ring structure 1 ∗ 1 = 1. �
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The last part in this discussion is the p2-case. The underlying abelian group is
either Zp2 or Zp×Zp. By a similar argument as in Theorem 5, it is easy to see that
there are three ring structures lying above the cyclic group Zp2 ; given by 1 · 1 = 0,
1 · 1 = 1 or 1 · 1 = p.

Theorem 6. There are three non-isomorphic rings with Zp2 as the underlying
abelian group. The trivial multiplication, the ordinary multiplication, and the ring
where we identify n ∈ Zp2 with a p × p-matrix with all entries equal to 1, and
ordinary matrix multiplication.

It turns out that the ring structures in the p2-case is independent of the prime
p, so we consider only the case p = 2.

Notice that since there are two non-isomorphic ring structures for Z2, there
are three different structures given by cartesian ring products, (Z2, 0) × (Z2, 0),
(Z2, 0)×F2 ' F2× (Z2, 0) and F2×F2. They are all commutative and the last one
has a unity.

Since we have (1, 1) = (1, 0) + (0, 1) it is enough to give the four products

m11 = (1, 0) · (1, 0) m12 = (1, 0) · (0, 1)

m21 = (0, 1) · (1, 0) m22 = (0, 1) · (0, 1)

to determine the multiplicative structure of a ring with underlying abelian group
K = Z2×Z2. Now we face two problems. First we have to decide the possible results
for the four products, in order to be consistent with the ring axioms, and then we
have to sort out which of the possibilities that give isomorphic ring structures.

Lemma 7. Suppose R is a ring with Z2×Z2 as its underlying abelian group. If R
has no zero-divisors, then R is commutative.

Proof. Suppose R is non-commutative, i.e. m12 6= m21. Since there are only three
non-zero elements in R, at least two of the four elements m11,m12,m21,m22 are
equal, and since R has no zero-divisors the only possibility is m11 = m22. But then
we have

(1, 1) · (1, 1) = m11 + (1, 0) · (0, 1) + (0, 1) · (1, 0) +m22

= (1, 0) · (0, 1) + (0, 1) · (1, 0)

Now (1, 0) ·(0, 1) 6= (0, 1) ·(1, 0), and they are different from m11. Again, since there
are only three non-zero elements and R has no no-zero divisors, the only possibility
left is (1, 1) · (1, 1) = m11. Thus all squares are equal, and by symmetry we can
assume that m11 = (1, 0). It follows that either m12 = (0, 1) or m21 = (0, 1).
Suppose m12 = (0, 1). Then we have

[(1, 0) · (0, 1)] · (1, 0) = m12 · (1, 0) = (0, 1) · (1, 0) = m21

(1, 0) · [(0, 1) · (1, 0)] = (1, 0) ·m21 = (1, 0) · (0, 1) = m12

and by associativity m12 = m21, which contradicts the non-commutativity. Similar
argument for m21 = (0, 1). It follows that if R is non-commutative then there must
be zero-divisors in R. �

Case 1, R has a unity. Up to isomorphisms of the group K we can always
assume that (1, 0) = 1 is the unity. Thus m11 = 1, and m12 = m21 = (0, 1) = x,
and it follows that the ring is commutative. We have R = {0, 1, x, 1 + x}. It
remains to compute x2. Notice that (1 + x)2 = 1 + x2. The following table gives
all possibilities,

x2 0 1 x 1+x
(1 + x)2 1 0 1+x x
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The two first are isomorphic, by the isomorphism x 7→ x + 1. Thus we have three
non-isomorphic rings with unity. Notice that the middle structure is the product
F2 × F2.

Theorem 8. Let R be a ring with the group Z2×Z2 as its underlying abelian group,
and such that R is a ring with unity. Then there are three possible structures of R,
Z2[x]/(x2), F2 × F2 ' Z2[x]/(x2 + x) and Z2[x]/(x2 + x+ 1).

Case 2, R has no unity, but is commutative. We write R = {0, a, b, a+ b}.

Lemma 9. Suppose a2, b2 and (a + b)2 are non-zero and different. Then R is
commutative.

Proof. The three non-zero elements in the ring R satisfies a+ b+ (a+ b) = 0. Thus
if the three squares are different and non-zero, their sum has to be 0. But

a2 + b2 + (a+ b)2 = ab+ ba

�

Suppose a2, b2 and (a + b)2 are non-zero and different, so R is a commutative
ring. If all products xy 6= 0 for all non-zero x, y ∈ R, it follows that ab 6= a2, b2.
But then ab = a2 + b2, and we have ba = 0, a contradiction. Thus we can assume
that ab = ba = 0. By associativity 0 = (a · b) · b = a · b2. But since a2, b2 6= 0
the only possibility for the square of b is b2 = b. A similar argument shows that
a2 = a. It follows that (a + b) · x = x for any element x ∈ R, thus a + b = 1.
Consequently for a commutative ring without unity there is a non-zero element of
square 0. i.e. a2 = 0. In addition we have whown that ab = ba = 0. This gives us
three candidates for the ring structure, b2 = 0, which gives the trivial multiplicative
structure, b2 = b or b2 = a.

Theorem 10. There are 3 commutative rings without unity, lying above Z2 × Z2,
the trivial multiplication, i.e. the ideal (x, y) of the ring Z2[x, y]/(x, y)2, the ideal (x)
in the ring Z2[x]/(x3), and the cartesian product (Z2, 0)× F2, which is isomorphic
to the ideal (x, y) in the ring Z2[x, y]/(xy, x2, y2 + y).

Case 3, R is non-commutative. By Lemma 9, there is either an element of
square 0, or two equal squares, say a2 = b2, in the ring R. If a2 = b2 6= 0, then
(a+ b)2 = ab+ ba 6= 0. By Proposition 7 there is at least one zero-divisor in R, say
a. If a2 6= 0, then we have ab = 0. But then (ba)2 = baba = 0. The only element of
square 0 is 0, and it folllows that ba = 0. But then ab = ba and R is commutative,
a contradiction. Thus we can assume a2 = 0.

Suppose ab 6= 0. Then 0 = a2 · b = a · ab, and it follows that ab = a. By the
same argument we have that if ba 6= 0, then ba = a. But R is non-commutative so
either ab = 0 or ba = 0, but not both. If ba = 0 and ab = a, we have ab2 = ab = a,
and which implies that b2 = b. Thus we have proved the following result in the
non-commutative case:

Theorem 11. There are two non-commutative ring structures with the group Z2×
Z2 as its underlying abelian group, given by the two multiplication tables:

a b
a 0 a
b 0 b

a b
a 0 0
b a b

where a and b are two non-zero and different elements of Z2 × Z2.


