
Mandatory assignment in MAT2200, Spring 2018

General information on the assignment:

Mandatory assignments – Department of Mathematics

The solutions must be submitted via Devilry by the end of Thursday, March 22, 2018. In
order to pass you need to solve 8 problems (each part - 1(a), 1(b), etc. - counts as a separate
problem).

The goal of the assignment is to classify all finite groups up to order 15. 1 The classification
we are going to obtain is explained in many texts you can find online. You are certainly free
to use them, but I recommend to first try to follow the steps below.

First we need a few general constructions, which will allow us to introduce more examples
of groups.

Problem 1. An isomorphism of a group G onto itself is called an automorphism of G.
The set of automorphisms of G is denoted by Aut(G).

(a) Show that Aut(G) is a subgroup of the permutation group SG. The automorphisms
of the form g 7→ hgh−1 are called inner and denoted by Adh. Show that the set Inn(G) of
inner automorphisms is a normal subgroup of Aut(G). 2

(b) Consider the group K = Z2 × Z2, sometimes called the Klein group. In words it can
be described as a group of order 4 such that every element different from the identity has
order 2, and the product of any two such different elements is the remaining third element of
order 2. Show that Aut(K) ∼= S3.

(c) Consider the group Zn. Show that every automorphism of Zn has the form m 7→ km
for some k ∈ Zn relatively prime to n, where km denotes the product in the ring Zn. 3

Problem 2. Assume G and H are groups and we are given a homomorphism α : H →
Aut(G), h 7→ αh. In this case we say that H acts by automorphisms on G. Then we can
introduce a new product on the set G×H by

(g, h)(g′, h′) = (gαh(g
′), hh′).

(a) Show that this way we get a group structure on G×H. The group we thus get is called
a semidirect product of G and H and denoted by G oα H, or simply G oH if α is clear
from the context.

It is convenient to identify G and H with subgroups of G oH using the maps g 7→ (g, e)
and h 7→ (e, h), respectively. Then the group structure on GoH is described by the rule

hg = αh(g)h.

1Why stop at 15? As we will see, for most orders ≤15 there are one or two groups, the exceptions are
orders 8 and 12, for which we have 5 groups in each case. On the other hand, there are already 14 groups of
order 16.

2The factor group Aut(G)/ Inn(G) is called the group of outer automorphisms of G and denoted by
Out(G).

3As we will discuss later in the class, this means that the automorphism group of the cyclic group Zn is
isomorphic to the group of units of the ring Zn.

1

http://www.uio.no/english/studies/examinations/compulsory-activities/mn-math-mandatory.html


2

As an example consider the groups G = Zn and H = Z2. Then H acts on G by automor-
phisms as follows: the element 1 ∈ Z2 maps m ∈ Zn into −m. The corresponding semidirect
product Zn o Z2 is called the dihedral group of order 2n and denoted by D2n.4 Thus D2n

is generated by the elements a = (1, 0) and b = (0, 1), and the group structure is determined
by the following rules:

an = e, b2 = e, ba = a−1b.

Note that D4 coincides with the Klein group K = Z2 × Z2, but for n ≥ 3 the groups D2n

are nonabelian.

(b) Semidirect products can be characterized abstractly as follows. Assume K is a group
with two subgroups G and H such that

• G is normal in K;
• G ∩H = {e};
• every element of K can be written as gh for some g ∈ G and h ∈ H, or in other words,

every coset of G in K contains an element of H.

Show that K is isomorphic to the semidirect group GoH, where H acts on G by the inner
automorphisms Adh of K restricted to G.

(c) Show that the groups D6 and S3 are isomorphic.

We can now start classifying our groups. Recall the following facts from the lectures or the
textbook:

Fact 1. Classification of finite abelian groups: any such nontrivial group is isomorphic to
Zm1 × · · · × Zmn for uniquely determined numbers m1| . . . |mn (m1 ≥ 2).

Fact 2. Any group of prime order p is isomorphic to Zp.
Fact 3. Any group of order p2, where p is a prime number, is abelian, hence, by Fact 1, is

isomorphic to Zp2 or Zp × Zp.
Fact 4. Any group of order pq, where p and q are prime numbers, p < q, q 6≡ 1(mod p), is

isomorphic to Zpq.
Fact 5. Any finite p-group has nontrivial center.

Fact 2 takes care of the orders 1, 2, 3, 5, 7, 11, 13: the corresponding groups are cyclic.

Fact 3 takes care of the orders 4 and 9: we get the groups Z4, Z2 × Z2, Z9 and Z3 × Z3.

Fact 4 allows us to classify the groups of order 15: we get only the group Z15.

The remaining orders are 6, 8, 10, 12, 14.

Problem 3. Let us deal with the orders 6, 10, 14.

(a) Assume G is a group of order pq, where p and q are prime numbers, p < q. Compute
the possible numbers of Sylow subgroups of G and using Problem 2(b) conclude that G is
isomorphic to a semidirect product Zq o Zp.

We apply this to p = 2 and q = 3, 5, 7. In order to finish the classification we have to
understand the possible actions of Z2 by automorphisms on Zq, that is, the automorphisms
of order 2 of Zq.

4It is also sometimes denoted by Dn. It can be shown that it is the symmetry group of the regular n-gon.
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(b) Using Problem 1(c) show that the groups Zq, for q = 3, 5, 7, have exactly one automor-
phism of order 2 each, namely, the one mapping m into −m.5 Conclude that the only (up to
isomorphism) groups of order 2q, with q = 3, 5, 7, are Z2q and D2q.

The remaining orders 8 and 12 are more complicated. Consider first the case of order 8.

First of all, we have abelian groups of order 8. By Fact 1 we get 3 of them: Z8, Z2 × Z4

and Z2 × Z2 × Z2.

Problem 4. To deal with the nonabelian groups of order 8 we proceed as follows.

(a) Show that if H is a group such that every element of H different from e has order 2,
then H is abelian.

(b) Show that if H is a group such that H/Z(H) is cyclic, then H is abelian.

Assume now that G is a nonabelian group of order 8. By Fact 5 we know that its center is
nontrivial, and it is not the entire group by assumption. By (b) above it cannot be of order 4
either (as then G/Z(G) is of order 2, hence cyclic). Hence it is of order 2, so Z(G) = {e, z}
for some z.

Next, since G is not cyclic, it does not have elements of order 8. By (a) it cannot have only
elements of order 1 and 2, so there must exist an element of order 4. Consider two cases.

Case 1: there is an element a ∈ G of order 4 and an element b ∈ G \ 〈a〉 of order 2.

(c) Using arguments similar to those in Problem 3, conclude that G is isomorphic to a
semidirect product 〈a〉o 〈b〉 ∼= Z4 o Z2, and then that G ∼= D8.

Case 2: for any element a of order 4, all elements in G \ 〈a〉 are of order 4 as well.

Since our central element z has order 2, we in particular must have z ∈ 〈a〉, and hence
z = a2 (since a and a3 have order 4). We therefore get the following information about our
group G of order 8: the center of G is generated by an element z of order 2, and every element
a ∈ G \ Z(G) has order 4 and satisfies a2 = z.

(d) Show that such a group indeed exists, and any two such groups are isomorphic. Hint:
for the existence, consider the subgroup of GL2(C) consisting of the matrices

±
(

1 0
0 1

)
, ±

(
i 0
0 −i

)
, ±

(
0 1
−1 0

)
, ±

(
0 i
i 0

)
.

The group we thus obtain is called the quaternion group6 and denoted by Q8 or Q.

Finally, consider the groups of order 12. Using again Fact 1 we get all such abelian groups:
Z12 and Z2 × Z6.

Problem 5. Assume G is a nonabelian group of order 12.

(a) Using Sylow theorems show that the number N2 of Sylow 2-subgroups is 1 or 3, and the
number N3 of Sylow 3-subgroups is 1 or 4. Show then that the case N2 = 3 ∧ N3 = 4 is not
possible. Hint: if N3 = 4, then G has 8 elements of order 3, hence the remaining 4 elements
form the unique Sylow 2-subgroup.

5We will see later in the class that this is true for any prime q ≥ 3.
6The reason is that it is isomorphic to the subgroup {±1,±i,±j,±k} of the quaternions H. Since we didn’t

really prove that H is a well-defined division ring, we cannot use this description to prove the existence of this
group.
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The case N2 = N3 = 1 is not possible either, as then by the discussion in the class (from
which we deduced Fact 4), G is isomorphic to the product of its Sylow subgroups, hence G is
abelian.

We have the following remaining possibilities. Choose Sylow 2- and 3-subgroups P2 and P3.
Note that |P2| = 4, so P2 is isomorphic to Z4 or Z2 × Z2, and |P3| = 3, so P3 is isomorphic
to Z3.

Case 1: N2 = 1 and N3 = 4.

By Problem 2(b) we then have G ∼= P2 o P3.

(b) Show that Z4 has no automorphisms of order 3, so if we had P2
∼= Z4, our group G

would be abelian. Therefore the only possibility is P2
∼= Z2 × Z2. Using Problem 1(b) show

then that Z2 × Z2 has exactly two automorphisms of order 3, and conclude that we get one
group of order 12 in this case.

As a bonus exercise show that this group is the alternating group A4. Hint: the unique
Sylow 2-subgroup of A4 consists of the identity and all products of two disjoint transpositions.

Case 2: N2 = 3 and N3 = 1.

By Problem 2(b) we then have G ∼= P3 o P2.

We have the following subcases.

Subcase 2a: P2
∼= Z4.

(c) Show that Aut(Z3) ∼= Z2. Hence there exists a unique nontrivial homomorphism Z4 →
Aut(Z3). Conclude that in this case we get exactly one group of order 12. This is an example
of a dicyclic group.

Subcase 2b: P2
∼= Z2 × Z2.

In this case the homomorphism P2 → Aut(P3) defining the semidirect product becomes a
nontrivial homomorphism Z2 × Z2 → Z2.

(d) Show that for every nontrivial homomorphism f : Z2 × Z2 → Z2 there exists an au-
tomorphism g of Z2 × Z2 such that f ◦ g has the form (f ◦ g)(x, y) = x for all x, y ∈ Z2.
Conclude that the group G we get in this case is D6 × Z2.

Show also that D6 × Z2
∼= D12.

To summarize, we obtain the following classification of groups of order n ≤ 15:

• If n ≤ 15 is odd or n ≤ 4, then any group of order n is abelian, so a description of
such groups follows from the classification of finite abelian groups.
• If 6 ≤ n ≤ 14 and n is even, then in addition to the abelian groups of order n we get

the dihedral group Dn = Zn/2 o Z2, and if n 6= 8, 12, then this is all.
• If n = 8, then in addition to the abelian groups and the dihedral group we get the

quaternion group Q8, and if n = 12, we get the alternating group A4 and the dicyclic
group Dic12 = Z3 o Z4.


