
8th March, 2019

MAT2200 - Groups, Rings, and Fields

Mandatory assignment 1 of 1
Submission deadline

Thursday 21st March 2019, 14:30 at Devilry (devilry.ifi.uio.no).

Instructions

You can choose between scanning handwritten notes or typing the solution
directly on a computer (for instance with LATEX). The assignment must be
submitted as a single PDF file. Scanned pages must be clearly legible. The
submission must contain your name, course and assignment number.

It is expected that you give a clear presentation with all necessary
explanations. Remember to include all relevant plots and figures. Students
who fail the assignment, but have made a genuine effort at solving the
exercises, are given a second attempt at revising their answers. All aids,
including collaboration, are allowed, but the submission must be written
by you and reflect your understanding of the subject. If we doubt that you
have understood the content you have handed in, we may request that you
give an oral account.

In exercises where you are asked to write a computer program, you need
to hand in the code along with the rest of the assignment. It is important
that the submitted program contains a trial run, so that it is easy to see
the result of the code.

Application for postponed delivery

If you need to apply for a postponement of the submission deadline due to
illness or other reasons, you have to contact the Student Administration
at the Department of Mathematics (e-mail: studieinfo@math.uio.no) well
before the deadline.

All mandatory assignments in this course must be approved in the same
semester, before you are allowed to take the final examination.

Complete guidelines about delivery of mandatory assignments:

uio.no/english/studies/admin/compulsory-activities/mn-math-mandatory.html

GOOD LUCK!
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Problem 1 (Finite Groups).

1. Let G be a finite group of even order. Prove that G has an odd number
of elements of order two.

2. Let G be a finite abelian group with odd order and with identity
element e. Prove that the product of all the elements in G is e.

3. Let n be a positive integer relatively prime to 2 and 3. Describe the
quotient group

Z2n × Z3n

〈(2, 3)〉
as a product of cyclic groups.

Problem 2 (Autormorphisms of Groups). Let G be a group and for any
g ∈ G consider the map φg : G→ G defined by φg(x) := gxg−1. Notice that
φg : G → G is a group isomorphism of G to itself for any g ∈ G, in other
words φg ∈ Aut(G), where Aut(G) is the group of automorphisms of G.

1. Show that the map Φ: G→ Aut(G) defined by Φ(g) = φg is a group
homomorphism. Identify its kernel as a known subgroup of G.

2. Show that Φ(G) ⊂ Aut(G) is a normal subgroup, where Φ(G) denotes
the image of Φ.

3. Let HG be the set of subgroups of G. Show that the relation on HG

defined by:

H1 ∼ H2 if and only if φg(H1) = H2 for some g ∈ G

is an equivalence relation.

Problem 3 (Group actions).

1. Let σ = (1, 2, 5)(4, 2, 5, 6, 7)(3, 1, 7) and τ = (8, 9) be permutations in
S9. What is the order of the subgroup H = 〈σ, τ〉 ⊂ S9? What are
the orbits of the the set {1, 2, . . . , 9} under the action of H? Does the
subgroup H ′ = 〈σ〉 act transitively on the set {1, . . . , 7}?

2. Consider the group G = 〈R,+〉. The group G acts on R2 by rotations
about the origin. Namely for θ ∈ G and p ∈ R2 the action θ · p
is the rotation of p about the origin counterclockwise by θ radians
if θ > 0, and the rotation of p clockwise by −θ radians if θ < 0.
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For all points p 6= (0, 0) ∈ R2, describe geometrically the orbit
Gp = {x ∈ R2 | θ · p = x for θ ∈ G} and determine the isotropy
(stabiliser) subgroup Gp = {θ ∈ G | θ · p = p}. Determine Gp and Gp

for p = (0, 0).
The group G = 〈R,+〉 also acts on R2 by translation. Consider for
example the action defined by t · p = t(1, 1) + p for t ∈ R and p ∈ R2.
What is Xt = {p ∈ X | t · p = p} for any t 6= 0? What is the isotropy
subgroup Gp for any p ∈ R2? Describe geometrically the orbit Gp for
a point p ∈ R2.

Problem 4 (Polynomials with coefficients in Z2).

1. Are the polynomials f(x) = x3+x+1 and g(x) = x3+1 irreducible over
Z2? If not factor them. Is the polynomial h(x) = x4 + x3 + x2 + x+ 1
irreducible over Z2? If not factor it.

2. Consider again the set X = {r + sx + tx2 | r, s, t ∈ Z2}. The set
X is closed under the binary operation + which is the usual sum of
polynomials in Z2[x]. Consider also the binary operation ◦ on X given
by usual multiplication and the application of the relation x3 ≡ x+ 1.
For example,

x ◦ (x2 + 1) = 1 since x(x2 + 1) = x3 + x ≡ x+ 1 + x = 1.

Assuming that F = 〈X,+, ◦〉 is an integral domain, show that F is a
field.
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