1. REMAINDER OF SECTION 30

Let F be a field. Recall a vector space over F' is an abelian group (V, +) together
with a scalar multiplication operation defining aav € V for any a € F, a € V, and
satisfying a few axioms.

Example. The group F" is a vector space over F.
If F is an extension field of F', then E is a vector space over F.

Recall also a collection aq, -+ ,a, € V spans V if every § € V can be written
B =ajoq + - apoy, a; € F.

The sequence ay, ..., «a, is linearly independent if
aja; + -+ apa, =0 a; € F.

implies that a; = --- =a, =0.
Finally, a sequence ag,...,a, € V is a basis for V if the «; both span V' and
are linearly independent.

Example. In F", the vectors (1,0,...,0),...,(0,...,0,1) form a basis.

Example. If E = F(«) is a field extension of F with « algebraic and deg(a, F') = n,
then 1,c,...,a" ! is a basis of E.

Finally, recall that V is finite-dimensional if there is a finite set aq, ..., a, which
spans V.

Theorem. Let V be a finite-dimensional vector space. Then
(1) V has a finite basis B1,...,B, € V.
(2) If g1,...,B., € V is another basis, we have m = n.
3) If ag,y ..., € V span V, we must have k > n.
(4) If ayg,...,ar € V are linearly independent, we must have k < n.

Definition. If V has a basis 51,...,08, € V, we call n the dimension of V.

SECTION 31 — ALGEBRAIC AND FINITE FIELD EXTENSIONS

Definition. Let F' < E be a field extension. We say F is an algebraic extension
of F if every element « € F is algebraic over F'

Example. e The field C is an algebraic extension of R, since any a +ib € C
is a zero of the polynomial

(x —a —ib)(x — a + ib) = 2% — 2az + a® 4+ b* € R[z].

e The field R is not an algebraic extension of Q, since e € R is transcendental
over Q.

Definition. Let F' < F be a field extension. We say FE is a finite extension of F
if F is finite-dimensional as a vector space over F.

The dimension of E as a vector space over F is called the degree of the extension,
and is denoted [E : F)

Example. If E = F(«) with o € E algebraic over F, then E is a finite extension
of F. With n = deg(a, F), we have that 1,c,...,a" ! is a basis of E over F, so
[F(a): F]=n.
Since C = R(7) and deg(i,R) = 2, we have [C: R] = 2.
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The elements 1, e, €2, ... € R are linearly independent over Q, so R is not a finite
field extension of Q.

Theorem. If E is a finite field extension of F', then E is an algebraic extension.

Proof. Let n be the dimension of E as a vector space over I, and let & € E. Then
the n 4+ 1 elements 1,«,...,a™ € E must be linearly dependent, so there exist
ag,...,a, € F, not all 0, such that

ag+ara+ -+ apa” =0.
This means f(«) = 0, where
flx)=ao+arz+ -+ az" € Flz],
and f(x) # 0, so « is algebraic over F. O

Example. If E = F(a) with « algebraic, then F(«) is an algebraic extension of
F.

Theorem. Let F < E and E < K be finite field extensions. Then F' < K 1is finite,
and
[K:F]=[K:E|[E:F)

Proof. Let [E: F]=m, [K : E] =n. Let

A1y ey Oy
be a basis for F over F, and let
Bis---yPn
be a basis for K over E.
Claim: The mn elements o;58;, i = 1,...,m, j = 1,...,n form a basis for K

over F'.

Proof of claim. We only prove that the elements span K, omitting the proof of
linear independence. Any v € K can be written

7:a1ﬂ1+"'+an6na a; € E.

Each a; can be written
m
ai:ZbijOZj, bij € F.
j=1

Hence

n m
v = Zzszaiﬁj, bi; € F,
i=1 j=1
so the o;3; span K as a vector space over F'.

Since the a;8; form a basis of K over F, we have
[K:Fl=mn=[E:F|[K:E|
O

Corollary. Let Fy < Fy, F» < F3, ..., F,,_1 < F,, be finite field extensions. Then
Fy < F, is a finite field extension, and

[Fn . Fﬂ = [Fn : Fn—l][Fn—l : Fn—2] e [F2 : Fl]
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Definition. Let FF < F be a field extension, and let aq,...,qa, € E. We define
the field F(a1,...,a,) as the smallest subfield of F containing F and ag, ..., a,.

Concretely, the elements of F(aq, ..., ay,) are all the elements of E which you can
obtain starting from elements of F'| the a, ..., a,, and the operations of addition,
subtraction, multiplication and division.

Example. The field Q(v/2,v/3) < R contains elements like
5 5 V3VZHavE
4a ’ 9 _ 5\/§ 3o

Given F < F, aq,...,a, € E, we have for all k

F(ag,...,ar) = F(aq,...,ar—1)(ag),

so the field extension F(aq,...,a5—1) < F(aq,...,a) is simple.

Theorem. Let F < E be a field extension. Then E is finite if and only if
we can find elements aq,...,a, € FE which are algebraic over F such that E =
Flag,...,apn).

Example. Since v/2,1/3 are algebraic over Q, the field extension Q < Q(v/2,v/3)
is finite.

Proof. Assume E = F(ay,...,q,) with each «; algebraic over F. Then for each i,
«; is also algebraic over F'(aq,...,a;—1). Hence

F(ozl,...,ozi_l) S F(Oél,...,Oéi_l)(Oéi) = F(Oél,...,()éi)
is finite. Therefore F < F(ay, ..., ay,) is finite, with
[F(at,...,an): F]=[F(a1,...,an): F(a,...,an_1)] -+ [F(a1) : F]

Assume now that F' < F is finite of degree n. We can find a basis a1,...,a,
of E as a vector space over F, then E = F(ay,...,ay). Since F < E is a finite
extension, it is algebraic. Hence the a; are algebraic over F'. O

Example. Let’s compute [Q(v/2,/3) : Q]. We have
[Q(V2,v3) : Q] = [Q(v2,V3) : Q(V2)I[Q(v2) : Q.

Note irr(v/2,Q) = 22 — 2, so deg(v/2,Q) = 2, so [Q(v/2) : Q] = 2.
To analyse [Q(v/2,v/3) : Q(v/2)], first see

Q(v2,v3) = Q(v2)(V3).

Let’s accept without proof that v/3 ¢ (@(\/5), i.e. there is no way to find a,b € Q

such that

V3 =a+bV2.
Then x2 — 3 is irreducible over Q(v/2). It follows that irr(v/3, Q(v/2)) = 22 — 3, so
deg(v/3,Q(v/2)) = 2 and so

[Q(v2,v3): Q] = [Q(V2,V3) : Q(V2)][Q(V2) : Q] = (2)(2) = 4.

Since 1,+/2 is a basis for Q(v/2) over Q and 1, /3 is basis for Q(v/3) over Q(v/2),
we find that

is a basis for Q(v/2,v/3) over Q.
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