SECTION 51 — SEPARABLE FIELD EXTENSIONS

Let F < FE be a finite field extension, and recall that we have two numbers
attached to it. The degree [FE : F] is the dimension of E as a vector space over F,
and the index {E : F'} is the number of homomorphisms 7: E — F fixing F.

Main lessons of today.

(1) A finite field extension F' < E is separable if {F : F} = [E : F].

(2) If F is of characteristic 0 or if F is finite, then F' < F is always separable.

(3) If F < F is a finite and separable field extension, then there exists an o« € E
such that £ = F(«).

MULTIPLICITIES OF ZEROS
Example. Consider the polynomial
flz)=2% - 1022 + 332 — 36 = (x — 3)(z — 3)(z — 4) = (z — 3)*(z — 4) € Q[z]

The zeros of f(z) are 3 and 4. Since x — 3 appears twice in the factorisation, we
say 3 has multiplicity 2 as a zero of f(x), and since x — 4 appears once, we say 4
has multiplicity 1 as a zero of f(x).

We make this intuitive concept into a formal definition.
Definition. Let f(z) = an2™ + -+ ag € F[z]. Then we can write
f(@) = an(z — o)™ (= a2)™ - (. — am)"™,
with the «; distinct elements of F', and with vy + - - - + v, = n. The number v; is

the multiplicity of «; as a zero of f(z).

Theorem. Let f(x) € F[x] be irreducible. Then every zero of f(x) in F has the
same multiplicity.

Proof. Let’s assume f(x) is monic, and write
f(@) = (& —a)" (z —ag)™ - (z — o)™

with a; € F distinct, and the a; are all conjugates over F. Let ¢o: F — F be some
automorphism fixing F'. This ¢ must send each «; to some conjugate, i.e. to some
o, and so gives a permutation of the set {a1,...,an}

f(x) = (z—a1)" (z—a2)"? - (v—ay)™ = (z—9P(a1))" (x—(az2))” - - (2—1p(a))"*

It follows that that if 1)(cy) = o, then v; = v;.

For any given 1 < 4,5 < k, consider the isomorphism ¢, q,: F'(a;) — F(a;),
which by the isomorphism extension theorem we may extend to an automorphism
@ai’aj : F — F. Since Eai’aj (i) = aj, we must have v; = v;. O

Corollary. Let f(x) € Flx] be an irreducible polynomial of degree n. If f(x) has

exactly k zeros in F, then each zero has multiplicity n/k.
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Proof. If ay,. .., € F are the zeros of f(z), then we get
f(@) = cle—ar)”- - (z — )"
We see
n = deg f(x) = kv,
so the multiplicity of each zero is v = n/k. (I

Example. The following irreducible polynomials in Q[z] are such that all their
zeros are of multiplicity 1:

e 12 —2=(2—2)(z+V2)
° x2—|—1:(a?+i)($—i)

Example. Let us give one example of an irreducible polynomial whose zeros have
higher multiplicity. Let p be a prime, and let F' = Z,(y), the field of fractions of
Zy[y]. The elements of F' are expressions of the form ¢(y)/h(y) with h(y), h(y) €
Zy[y]. Let

f(z) =a? —y € Flz].

One can check that f(z) is irreducible. Let a € F be a zero of f(z). Then of =y,
and we find that

(x —a)P = 2P — (T)x”_la + (12))14’_2042 +--—aP.
Since p divides (?) forall 1 <i <p—1,and p-a =0 for all a € F, we have (¥)a =0
foralla € F,1 <i<p—1. Hence
(z—a)f =2 —a? =2aP —y,
so the only zero of P — y is «, which has multiplicity p.
Theorem. Let F' < E be a finite field extension. Then {E : F} divides [E : F).

Proof. We assume for simplicity E = F(a) with @ € E. Then [E : F] = deg(a, F) =
deg(irr(a, F')). On the other hand {F : F} is the number of homomorphisms
¢: E — F fixing F. Since each such is of the form ¢, s for some conjugate 3 € F
of a, it equals the number of conjugates of a over F. The conjugates of « are
precisely the zeros of irr(a, F'). Writing

irr(a, F) = (x — )" (x — aa)” -+ (. — ag)¥s
with the o, a; € F distinct, we have that
[E : F]| = deg(irr(a, F)) = vk

and
{E:F} =k,
so {E : F'} divides [E : F). O
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SEPARABLE FIELD EXTENSIONS
Definition. A finite field extension F' < F is separable if [F : F| = {E : F'}.
Example. We have [Q(v/2) : Q] = {Q(v/2) : Q} =2, so Q < Q(V/2) is a separable

field extension.

Example. The extension F' < F(«) is separable if and only if @ has multiplicity 1
as a zero of irr(a, F'), as one can see by the proof of the theorem just above.
Theorem. Let F' < K < E be finite field extensions. The following are equivalent

(1) F <K and K < E are separable.

(2) F < E is separable.
Proof. We have [E: F|=[E: K|[K : Fland {E: F} ={E: K}{K : F}. We can
write

[E : F] = VE/F{E : F},[E : K} = VE/K{E : K}7[K : F] = VK/F{K : F}

with all the v positive integers, and we get

VE/F = VE/KVK/F-
Then clearly
O
Definition. A field F' is perfect if every finite field extension F' < FE is separable.
Theorem. Let F' be a field. If F' has characteristic 0 or if F' is a finite field, then
F is perfect.
Example. Every subfield of C, such as Q, Q(i), Q(v/2), R, has characteristic 0,

and so is perfect.

Example. A non-perfect field must have characteristic p > 0 and be infinite. The
simplest example of a non-perfect field is Z,(y). The extension Z,(y) < Z,(y)(a),
where « is a zero of xP — y, is non-separable.

Theorem (A special case). Let F' be a field of characteristic 0, and let f(z) € F|x]
be irreducible. Then every zero of f(x) has multiplicity 1.

Proof. We will assume that F' < R, and so we can take F<C.

Let a € F be a zero of f(z), and assume for a contradiction that it has multiplic-
ity > 2. Since f(x) is irreducible, we have f(x) = irr(«, F'), and f(z) has minimal
degree among all non-zero polynomials in F[z] with « as a zero.

Then over F we can factor

f@) =c(x—a)’(z —az)” - (x — ax)” = (z — a)’g(2),
where g(x) is some polynomial. Since F' < R, we can think of f(z) as a real function
of a real variable z, and we can then consider the derivative f/(z). If

flx)=apax"+---4+ay a; €F,
we have
f(x) =na,z™ ' 4+ (n— an_ox" 2 +--- 4 ay,
and so f'(z) € Flz]. From f(z) = (x — a)?g(z) we get

f'(2) = 2(z — a)g() + (z — )¢/ (x),
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so clearly

f'(@) =2(a — a)g(a) + (a —a)’g'(a) = 0.
Since f(z) is non-constant, f'(z) # 0, and clearly f’(z) has smaller degree than
f(z). But f(z) is irreducible, and therefore it is the polynomial with smallest degree
in Fz] having « as a zero. This gives a contradiction (to our assumption that «
has multiplicity > 2). O

Remark. The above proof uses F' < R so that we can differentiate f(z) and use
the ordinary rules of differentiation. It turns out that differentiation of polynomials
can be defined for any field by the usual formulas (z™) = nz"~!, and the above
proof can be made to work for any characteristic 0 field.

Proof that characteristic 0 fields are perfect. Let F be a field of characteristic 0.
Let F < E = F(a) be a simple field extension of degree n. Then deg(irr(«, F)) = n,
and since F' has characteristic 0, we know that irr(a, F') has n distinct zeros in F.
Therefore o has n conjugates in F, so {F(a) : F} = n = [F(a) : F], and hence
F < F(«) is separable.

If F < FE is a general finite extension, then £ = F(ay,...,q,) for some «o;
algebraic over F'. Since all the extensions

F<F(la;) <Flag,as) < - < Flag,...,ay)

are simple, they are separable, and hence F' < F(ay,...,a,) is separable. O

THE PRIMITIVE ELEMENT THEOREM

Theorem (The primitive element theorem). Let F' < E be a finite and separable
field extension. Then there exists an element « € E such that E = F(«).

Example. Consider Q < Q(v/2,v/3). It has been shown in a previous example
that also Q(v/2,v3) = Q(v/2 + V3).
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