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Rings
A ring is a set R equipped with two binary operations, on this slide
written 4+ and *, which satisfy

(R,+) is an abelian group

* is an associative operation: For a,b,c € R

ax(bxc)=(axb)x*c.
The left and right distributive laws hold: For a,b,c € R

ax(b+c)=axb+axc
(b+c)xa=bxa+cxa

After this slide we always write ab instead of ax b.
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Basic properties/notation of rings
Let R be a ring, so in particular (R, +) is an abelian group.

m Write 0 € R for additive identity.
m Given a € R, write —a for additive inverse
m Given integer n > 0 and a € R, let

n n

n.a:a+...+a, (_n).a:(_a)+...+(_a)’ 03:0

Basic properties

m If a € R, we have 0a = a0 = 0.
m If a,b € R, we have (—a)b = a(—b) = —(ab)
m If a,b € R, we have (—a)(—b) = ab.
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Examples

m With the usual operations of addition and multiplication, Z,Q,R
and C are rings.

m With the usual operation of matrix addition and multiplication
Mu(R) = {(n x n)-matrices}

forms a ring.

m With the usual operation of addition and multiplication of
functions,
C(R) = {functions f: R — R}

forms a ring.
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Example: Integers modulo n

Let n > 0 be an integer. Given integers i, j, we say / and j are congruent

modulo n and write
i=j (mod n)

if i and j have the same remainder upon division by n.
The set of integers modulo n,

Zn=1{0,1,...,n—1}
forms a ring, with addition +, and multiplication x*, defined by
atpb=cifat+b=c (mod n)

and
axpb=cifab=c (mod n)
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Special properties of rings, |: Unity

Let R be a ring.
m A multiplicative identity, that is an element a € R such that

ab=ba=b VbeER

is called unity.
m A unity of a ring is unique if it exists, and denoted 1 € R.

m If such an element exists, we say that R is a ring with unity.’

The ring Z has unity 1 € Z, the ring

27 = {2n | n € Z}

does not have a unity element.

'Many sources use the word ring exclusively for rings with unity.
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Special properties of rings Il:

Commutativity

Let R be a ring.
We say R is commutative if for all a,b € R, we have

ab = ba.

m The rings Z, Z,,Q,R, C are commutative
m If n > 2, the ring Mp(R) of (n x n) real matrices is not
commutative, e.g.

£IED-69-69-CoeY
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Zero-divisors and units

Let R be a ring.

m If 0 # a € R is such that there exists a b € R with either ab =0 or
ba = 0, we say that a is a O-divisor.

m If R has unity, we say that a € R is a unit if there exists a b € R
such that
ba=ab=1.

m If ais a O-divisor, then a is not a unit.

m It ais a unit, then a is not a O-divisor.
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Integral domains and fields

m If R is commutative, has unity, and has no O-divisors, we say that
R is an integral domain.

m If R is commutative, has unity, and every non-zero element is a
unit, we say that R is a field.

m If R is a field, then R is an integral domain.

Examples
m Q,R,C are fields (and so also integral domains).

m 7Z is an integral domain, but not a field.

If Fis a field and a,b e F, with b # 0, we write 1/b for multiplicative
inverse of b, and ba = b 11)
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Properties of Z,

Let n > 0 be an integer.

0-divisors in Z,
The 0-divisors in Z,, are the d with 1 < d < n — 1 such that

ged(d, n) # 1.

The units of Z,, are the d with 1 < d < n — 1 such that

ged(d,n) =1

If nis prime, then Z, is a field. If n is not prime, then Z, is not (even) an
integral domain.
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Fermat’s and Euler’s theorems

Let p be a prime.

Fermat's theorem

Three versions:
If 0 # a € Zp, then aP~1 =1 in Z,.
If a € Zp, then aP = ain Zj,.
If k € Z, then kP = k (mod p).

Euler's theorem (= Fermat's if n is prime)
Let n > 0 be an integer. If k € Z is such that gcd(k,n) = 1, then
k?(") = k (mod n), where

o(n) =|{d € {1,...,n} | ged(d,n) = 1}| = no. of units in Z,.
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The field of quotients?

Let D be an integral domain.

m There exists a field F containing a subring isomorphic to D. The
field F is called the field of fractions of D.

m Objects of F are equivalence classes of pairs (a,b) € D x D
satisfying b # 0, and with the equivalence relation

(a, b) ~ (c,d) if ad = bc.

m The subring
{l(a,)]acD}CF
is isomorphic to D.

m Motivating example: D=7, F = Q.

%Feel free to ignore in your exam preparation
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Rings of polynomials
Let R be a ring. The ring of polynomials with coefficients in R is
denoted R[x]. Its elements are formal expressions

0 .
Z rix'  rieR.
i=0

where there are only finitely many i such that r; # 0. Addition is given by

Z rix" 4+ Z six' = Z(r,- + si)x’,
i=0 i=0 i=0

and multiplication by

00 00 00 i
ZI’,’X’ ZS,’X’ :Zt,-x’, with t; :ZI:,'S,;J'.
i=0 i=0 i=0 =0
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Rings of polynomials Il

If 3°2°5 rix" is a polynomial, we normally drop terms of the form 0x’,
e.g. we can write

1+2x+14x2 4+ 0x3 4+ 0x* + .- =1+ 2x + 14x°.

The degree of a polynomial f(x) = 3%, r;x' is the maximal i such that
ri # 0 (and is undefined if f(x) = 0).

Properties of R[x]

= If R has unity, then R[x] has unity.
m If R is commutative, then R[x] is commutative.
m If R is an integral domain, then R[x] is an integral domain.
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Polynomial division
Let F be a field, and let f(x), g(x) € F[x].

Polynomial division of f(x) by g(x)
There exist unique polynomials g(x) (“the quotient”) and r(x) (“the re-
mainder”) in F[x] satisfying

f(x) = g(x)a(x) + r(x)
and either r(x) = 0 or deg r(x) < deg f(x).
If r(x) =0, so that f(x) = g(x)q(x), we say that g(x) divides f(x).
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Zeros of polynomials

Let F be a subfield of a field E and let o € E. The evaluation
homomorphism @, : F[x] — E is given by, for any

f(x)=cax"+ cro1x" P+ + o € F[x],

Pa(f(x)) = f(a) = cpa" + 1"t 4+ €EE

If f(a) =0, then we say that a is a zero of f(x).

The element a € F is a zero of f(x) if and only if (x — ) divides f(x).

A polynomial f(x) € F[x] of degree n has at most n zeros in F.
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Irreducible polynomials

Let F be a field, and let f(x) € F[x] be a nonconstant polynomial. We say
that f(x) is irreducible (over F) if there is no way to write
f(x) = g(x)h(x) with g(x), h(x) € F[x] of lower degree than f(x).

Criteria for irreducibility

m If f(x) has a zero in F and deg f(x) > 1, then f(x) is reducible.

m If f(x) has degree 2 or 3 and no zeros in F, then f(x) is
irreducible.

m Gauss' lemma: If f(x) = cpx" + - - + o with ¢; € Z, then f(x)
is irreducible over Q if and only if f(x) is irreducible over Z.

m The Eisenstein criterion: Let p be a prime and
f(x) = cnx" 4 -+ + co with ¢; integers. If p divides ¢; for i < n,
p does not divide c,, and p? does not divide cp, then f(x) is
irreducible over Q.
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Factorisation of polynomials

For any nonconstant f(x) € F[x], we can write

F(x) = P1(x)p2(x) - Pal)

with the p;(x) € F[x] irreducible. The p;(x) are unique up to reordering
and multiplying by constants, e.g.

x2+3x+2:(x+1)(x+2):(x+2)(x+1):(2x+4)(§+%).
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Ring homomorphisms

Let R and S be rings. A map @: R — S is a ring homomorphism if for
any a,b € R, we have

@(a+r b) =(a) +s @(b)

and
(ab) = p(a)p(b).
If @ is moreover a bijection, we call ¢ an isomorphism and write R ~ §.

The kernel of @ is
kerg ={a € R | ¢(a) =0}.

A homomorphism @ is injective if and only if ker ¢ = {0}.
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Ideals

Let R be a ring and / C R. The set / is an ideal of R if
I is a subgroup of (R, +), and
for every a € R and b € | we have

abe | and ba € I.

= For any ring R, the sets {0}, R C R are ideals.
= For any homomorphism @: R — S, ker@ C R is an ideal.
m The ideals of Z are all of the form

nZ={na|acZ}

for some n > 0.
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Quotient rings

Let R be a ring and let / be an ideal. Thinking of / as a subgroup of the
abelian group (R, +), for each a € R we have the left (=right) coset

at+l={a+r|rel}.

The set
R/l = {cosets of I} ={a+ 1| a€ R},

has structure of a ring by setting for a,b € R

(a+ 1)+ (b+1)=(a+b)+1,
(a+N(b+1)=ab+ 1.

We call R/l the quotient ring of R by /.
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Examples of quotient rings
m Take I = R. Then
R/R={a+R|acR}={R}

has one element, so R/R ~ {0}.
m Take / = {0}. Then

R/{0} ={a+ {0} |ac R} ={{a} |a€ R} ~R.
m For n > 0, we have

Z/nZ ={0+nZ,1+nZ,--- ,(n—1)+ nZ} ~ Zp.
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The fundamental homomorphism theorem

Let ¢: R — S be a homomorphism of rings. Then
® @[R] is a subring of S
m we have an isomorphism
w: R/ kerp — @[R]
given by
w(a + kerg) = ¢(a).

m Let ¢: Z — Z, be ¢(k) = the remainder of k divided by n. Then
ker @ = nZ, and @[Z] = Zp, so we find

Z/nZ = 7] ker @ ~ @[Z] = Zn.

m If ker@ = {0}, then R/ kerp ~ R, so that R ~ ¢[R] < S.
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Prime and maximal ideals
Let R be a commutative ring with unity, and let / < R be an ideal. Then
m /is a prime ideal if for all a, b € R such that a € [ and b & I, then

ab¢ I.
m / is a maximal ideal if there is no ideal J such that | < J < R.

Let R and / be as above.
m The ideal / is prime if and only if R// is an integral domain.
m The ideal / is maximal if and only if R// is a field.

m If / is maximal, then [/ is prime.

If nis prime, then Z/nZ ~ Z, is a field, so nZ < Z is a maximal ideal. If
n is not prime, Z, is not an integral domain, so nZ is not a prime ideal.
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Principal ideals
If a € R and R is commutative, the principal ideal generated by a is

(a) ={ra|re R} CR.

m For any ring R, (0) = {0}.

m If R has unity and a € R is a unit, then (a) = R
m For n € Z, we have (n) = nZ.

m If Fis a field and 0 # f(x) € F[x], then

(f(x)) = {g(x) € F[x] | f(x) divides g(x)}.
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Theorem

Let F be a field, and let 0 # f(x) € F[x]. The following are equivalent
f(x) is irreducible.
(f(x)) is a prime ideal.

(f(x)) is a maximal ideal.

Corollary
The ring F[x]/(f(x)) is a field if and only if (x) is irreducible.
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