MAT2250 Exercise list
Spring 2024 - Instructor: Kris Shaw

4. WEEK OF FEBRUARY 5TH - INVERSION, INCLUSION-EXCLUSION

Warm ups.

(1) What is the number of permutations on the set {1,...,4} with k-fixed points for & =0, 1,2, 3,47

(2) Apply binomial inversion to the sequence uj = 1 for all k, what is v;? Now use the binomial inversion
formula for u,, in terms of v, and confirm the result.

(3) Apply the binomial inversion to the sequence v, = 1 for all k, what is u?

(4) Explain why the following is equivalent to binomial inversion:

U = i(—nk (Z)uk = u, = i(—l)’c(;;‘)uk.

k=0 k=0
(5) Use inclusion-exclusion to find how many 0, 1,2 words of length 5 contain each number at least once.
(6) How many numbers less than 6 are relatively prime to 67 How many numbers less than 42 are

relatively prime to 427

Problem 4.1. Recall that Bell numbers B, count the number of partitions of a set of size n. Use an

inversion formula to prove that:
n

Z(—l)n_kan’kBk = 1.
k=0
Check the formula for n < 4. Convince yourself that it is a striking formula without an immediate combi-

natorial proof!

Problem 4.2. The Lah numbers are defined by

anl(n—1
Ly =(-1) k'(k— 1>7

for n,k > 0. Prove the Lah inversion formula

n n
Uy, = g Ly pup <= Uy = g Ly vk
k=0 k=0

Hint: prove that

(~2)2 =3 Loa®
k=0

by using a Vandermonde identity for (x+2_1)

(—x)k?

. How can you use the same identity to write 2 in terms of



2

Problem 4.3. Prove using inclusion-exclusion that the number of surjective maps from {1,...,n} to the
set {1,...,r}is
- ifT n
> (7)o
i=0

Deduce that S, , = >"7_ (—1)(27,—0"71

Problem 4.4. Let ¢(n) denote the number of integers k such that 1 < k < n and with k relatively prime
to n. Prove using inclusion-exclusion that ¢(n) = n(1 — pil) (1= i), where n = pl'pk ... plt for distinct
primes p1,...,prand I; >0 forall 1 <i <t¢.

Problem 4.5. Generalisation of Inclusion-Exclusion
(1) Let Ey,... E,, be properties of elements of an n-set S and let N(E;, ... E;,) denote the number of
elements of S that satisfy the properties E;,, ..., F;,) (and possibly more).
Show that the number of elements that satisfy exactly ¢ properties is given by
Y NE,.E)- Y <Ht_1>N(Ei B )4 (—Dmt (T)N(El .. Ep).
i< <y i1 < <dgrn
(2) Let N, be the number of elements of S that satisfy at least r of the properties Ey, ..., E,, (in other
words N, = Zi1<,_<ir N(E;, ...E;)). Let G, be the number of elements of S that satisfy exactly
r of the properties E1,..., E,,.
Relate the generating functions N(z) =3 oo Ny2" and G(z) = ), Gr2".
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