
CARDINALITY



If A is a net
,

then #A = (number of elements in A ) in the

cardinality of A .

Example : If A -

- { •
,
•
,

•
,
• } then # A = 4

.

To compute
9 9 9 9

#A we count : { I
,
2

,
3

,
4 }

.

There exists a surjective function f : fl , 2,3 ,
4 }→ A

.

our can we
" count " infinitely large nets ?



A ret B is countable if there exists a surjective

function f : IN- B

Thus
,
we can write B as a

list : B = { ful , fth ,
f- 131

, . . . . }

Example :

IN = { I , 2,3 ,
4
, .

-
-
-
3 21N = {2,4 ,

6
,
8
,
. .

. .
}

{ I ,
2

, 33 -- { 1121311 , 2,3 , . . . -3 I
= { Oil , -1,2 ,

-2
, 3 , -3 , . . . . }

Any finite net

- Intuitively ,
a net is countable if it contains

"

as many
" elements

as IN does (or fewer )
.



If B and Care countable
,

then no is Bxc

Recall : BxC={ (Gc ) : GEB
,
cec }

Proof : Let f : IN- B and g
: IN- C be surjective , no that

B- { fill , flat ,
f- 131 , . . . . } and

C -

- { gli ) , 9121,9131 , . - - 3 .

fu ) fk ) f- 13 ) fl 4)

gli ) (ful , gal)① HMglN③ (HH , gli ))⑥ Ifl 41 , gli )) - -

gu ) HH , 9121120 HIM ,gkD⑤ HID,gkD⑨ -
- -

- -

gig Hill ,,gl3D④ Hmg !?
⑧ It"

!!
""

.

-

.

.

.

gl ! ) HH , gl4D⑦
i

; ÷
,



Corollary : If Bi
, . . .

,
Bn are countable

,
then no is B, x - - - - x Bn

.

B
,
x 432 x - -

-
- x Bn)

Corollary : IQ is countable

Proof : We have Q - { Mf : p
c- 2

, of
c- IN }

. Therefore ,

f : 2x IN - Q , ftp.q/--P/q is surjective .

The net 2x IN is countable
,
ro there exists a

ruojective g
: IN - 2x IN .

Hence
,

h : IN - Q ,
h= fog

is uujective .
Ba



If B
, , . . . ,

Bn are countable then ro is B
,
u .

- - - - u Bn
.

If B.
,
Bz

,
.
. . .

are countable then no is Br
.

Proof : Exercise ! (Ure the name idea as in Cartesian

products .)



R is not countable

Prof. Assume the converse : F surjective f : IN- IR
.

Let a'on
.
ai ai ai . .

. .

be the decimal expansion

of flu) (no ai e Z and ai
,

at
,

. . . .

E foil
,
-

, 93 ) :
f- uh ai .

ai ai ai ai -

- - n I

fly -

-
a : . ai ai ai ai -

-
- Let b" -

- { L ft aa; E ,
f-G) = af

.
ai ai ai ai - -

-

-

Then ×=O .
b

'

b' P - - - - -

f- HI -- ai' . ai ai ai
'

ai -
-
-

does not appear
in the list !

÷
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QUESTIONS ?

COMMENTS ?


