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Let Belk . By Max B we mean rome x c- B ratifying
xzy for all y EB

Let Belk . By mints we mean rome x c- B ratifying
* y for all y EB

⇐Yf¥ { 3 ,
8
,
2
, -4 , 13 then min 13=-4 and mae 13=8

If B
-

- [3,7] then min 13=3 and max B -- 7



Every nonempty , finite net (#B > 0 and # Be a)

has a minimum and a maximum .

Proof : Write D= Eh ,
ta
,
. . . .

,
bn }

.
The following computes A- MaxB :

M- t,

for K --2, . . - ,
n :

if bas M :

M - bn
end

end
Ba



But minfmax might not exist if B is infinitely large !

i ) B might be unbounded : B -- IN = { 1,43, - - -3 has a min ,
but no mae

.

Ii ) B might have a
" hole" : B = (o , it has a max , but no min .



We first take care of problem lit :

• Let Bek
. .

M is an upperbound.fr/3- if Max for all xeB .
• B is appertained if it has an upper bound .

• M is a leastupperbound_ for B if all other

upper bounds N satisfy NZ M .

• Let Bek
.

M is a lowertound.fr# if Mt x for all xeB .
• B is lowertounded if it has a

lower bound
.

• M is a greaksttowerbound-fo.BY all other

lower bounds N satisfy NEEM .



theorem ( the completeness principle )
Let B E IR be nonempty .

• If B is upper
bounded then it has a least upper bound .

• If B is lower bounded then it has a greatest lower bound .

We denote the least upper bound up
B Hymenium of B)

and the greatest tower bound inf B linfimum of B) .

Example : inf IN = I

inf lo , D
-

- O

nip ( o
,
D = I



For an arbitrary BER we write :

if B is empty
if B is not bounded from above

nip
B = eag

upper
bound) otherwise

D

inf B -

- f - a Tif BB Fthtunded from below
(greatest tower bound) otherwise



theorem ( the completeness principle )
Let BE R be nonempty .

• If B is upper
bounded then it has a least upper bound .

• If B is lower bounded then it has a greatest lower bound .

The completeness principle is essential because

it "

fills the holes
"
in IQ

.

Example : If B -- six e Q : x 's 2 } then

inf B -- - ra , nip B
-

- R2
.



MaeimigingreguenceshetBe R be nonempty and upper bounded .
Then there

exists a sequence {xn3nejTB much that

Xn For my
B

.

B

•
nip

B



MaeimigingregueuceshetBe R be nonempty and upper bounded .
Then there

exists a sequence {xn } new
"Bruch that

XuFr nip
B

.

B
''
'II"iIpg ,



B

supB
- t

• a
nip

B

Proof :
For each n e IN

,

the net B n EmpB - T i sup B) is nonempty
(otherwise

, my
B - th would be a lower upper

bound )
.

Let an E B n [nip
B - In

, my B] .

Then / xn - nipBI E ht → 0 as n - a
.

Ba



Example .

.

There exists a requena of rational numbers new

converging to R2
.

Indeed
,
let B -

- {x e Q : x's 2 } . Then my B
- R2

.

Let fxn3n be a maximizing sequence
.
Then xn E B e Q

for all ne IN ,
and

xnF. my
B = R2

.



QUESTIONS ?

COMMENTS ?


