
Chapter 1

Metric Spaces

Many of the arguments you have seen in several variable calculus are almost
identical to the corresponding arguments in one variable calculus, especially
arguments concerning convergence and continuity. The reason is that the
notions of convergence and continuity can be formulated in terms of distance,
and that the notion of distance between numbers that you need in the one
variable theory, is very similar to the notion of distance between points or
vectors that you need in the theory of functions of severable variables. In
more advanced mathematics, we need to find the distance between more
complicated objects than numbers and vectors, e.g. between sequences, sets
and functions. These new notions of distance leads to new notions of con-
vergence and continuity, and these again lead to new arguments suprisingly
similar to those we have already seen in one and several variable calculus.

After a while it becomes quite boring to perform almost the same argu-
ments over and over again in new settings, and one begins to wonder if there
is general theory that cover all these examples — is it possible to develop
a general theory of distance where we can prove the results we need once
and for all? The answer is yes, and the theory is called the theory of metric
spaces.

A metric space is just a set X equipped with a function d of two variables
which measures the distance between points: d(x, y) is the distance between
two points x and y in X. It turns out that if we put mild and natural
conditions on the function d, we can develop a general notion of distance
that covers distances between number, vectors, sequences, functions, sets
and much more. Within this theory we can formulate and prove results
about convergence and continuity once and for all. The purpose of this
chapter is to develop the basic theory of metric spaces. In later chapters we
shall meet some of the applications of the theory.
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1.1 Definitions and examples

As already mentioned, a metric space is just a set X equipped with a function
d : X×X → R which measures the distance d(x, y) beween points x, y ∈ X.
For the theory to work, we need the function d to have properties similar
to the distance functions we are familiar with. So what properties do we
expect from a measure of distance?

First of all, the distance d(x, y) should be a nonnegative number, and
it should only be equal to zero if x = y. Second, the distance d(x, y) from
x to y should equal the distance d(y, x) from y to x. Note that this is not
always a reasonable assumption — if we , e.g., measure the distance from
x to y by the time it takes to walk from x to y, d(x, y) and d(y, x) may be
different — but we shall restrict ourselves to situations where the condition
is satisfied. The third condition we shall need, says the distance obtained
by going directly from x to y, should always be less than or equal to the
distance we get when we stop at a third pont z along the way, i.e.

d(x, y) ≤ d(x, z) + d(z, x)

It turns out that these conditions are the only ones we need, and we sum
them up in a formal definition.

Definition 1.1.1 A metric space (X, d) consists of a non-empty set X and
a function d : X ×X → [0,∞) such that:

(i) (Positivity) For all x, y ∈ X, d(x, y) ≥ 0 with equality if and only if
x = y.

(ii) (Symmetry) For all x, y ∈ X, d(x, y) = d(y, x).

(iii) (Triangle Inequality) For all x, y, z ∈ X

d(x, y) ≤ d(x, z) + d(z, y)

.

A function d satisfying conditions (i)-(iii), is called a metric on X.

Comment: When it is clear or irrelevant which metric d we have in mind,
we shall often refer to “the metric space X” rather than “the metric space
(X, d)”.

Let us take a look at some examples of metric spaces.

Example 1: If we let d(x, y) = |x−y|, (R, d) is a metric space. The first two
conditions are obviously satisfied, and the third follows from the ordinary
triangle inequality for real numbers:

d(x, y) = |x− y| = |(x− z) + (z − y)| ≤ |x− z|+ |z − y| = d(x, z) + d(z, y)
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Example 2: If we let d(x,y) = |x − y|, (Rn, d) is a metric space. The
first two conditions are obviously satisfied, and the third follows from the
triangle inequality for vectors the same way as above :

d(x,y) = |x− y| = |(x− z) + (z− y)| ≤ |x− z|+ |z− y| = d(x, z) + d(z,y)

Example 3: Assume that we want to move from one point x = (x1, x2)
in the plane to another y = (y1, y2), but that we are only allowed to move
horizontally and vertically. If we first move horizontally from (x1, x2) to
(y1, x2) and then vertically from (y1, x2) to (y1, y2), the total distance is

d(x,y) = |y1 − x1|+ |y2 − x2|

This gives us a metric on R2 which is different from the usual metric in
Example 2. It is ofte referred to as the Manhattan metric or the taxi cab
metric.

Also in this cas the first two conditions of a metric space are obviously
satisfied. To prove the triangle inequality, observe that for any third point
z = (z1, z2), we have

d(x,y) = |y1 − x1|+ |y2 − x1| =

= |(y1 − z1) + (z1 − x1)|+ |(y2 − z2) + (z2 − x2)| ≤

≤ |y1 − z1|+ |z1 − x1|+ |y2 − z2|+ |z2 − x2| =

= |z1 − x1|+ |z2 − x2|+ |y1 − z1|+ |y2 − z2| =

= d(x, z) + d(z, y)

where we have used the ordinary triangle inequality for real numbers to get
from the second to the third line.

Example 4: We shall now take a look at an example of a different kind.
Assume that we want to send messages in a language of N symbols (letters,
numbers, punctuation marks, space, etc.) We assume that all messages have
the same length K (if they are too short or too long, we either fill them out
or break them into pieces). We let X be the set of all messages, i.e. all
sequences of symbols from the language of length K. If x = (x1, x2, . . . , xK)
and y = (y1, y2, . . . , yK) are two messages, we define

d(x,y) = the number of indices n such that xn 6= yn

It is not hard to check that d is a metric. It is usually referred to as the
Hamming-metric, and is much used in coding theory where it serves as a
measure of how much a message gets distorted during transmission.
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Example 5: There are many ways to measure the distance between func-
tions, and in this example we shall look at some. Let X be the set of all
continuous functions f : [a, b] → R. Then

d1(f, g) = sup{|f(x)− g(x)| : x ∈ [a, b]}

is a metric on X. This metric determines the distance beween two functions
by measuring the distance at the x-value where the graphs are most apart.
This means that the distance between two functions may be large even if
the functions in average are quite close. The metric

d2(f, g) =
∫ b

a
|f(x)− g(x)| dx

instead sums up the distance between f(x) og g(x) at all points. A third
popular metric is

d3(f, g) =
(∫ b

a
|f(x)− g(x)|2 dx

) 1
2

This metric is a generalization of the usual (euclidean) metric in Rn:

d(x,y) =

√√√√ n∑
i=1

(xi − yi)2 =

(
n∑

i=1

(xi − yi)2
) 1

2

(think of the integral as a generalized sum). That we have more than
one metric on X, doesn’t mean that one of them is “right” and the oth-
ers “wrong”, but that they are useful for different purposes.

Eksempel 6: The metrics in this example may seem rather strange. Al-
though they are not very useful in applications, they are handy to know
about as they are totally different from the metrics we are used to from Rn

and may help sharpen our intuition of how a metric can be. Let X be any
non-empty set, and define:

d(x, y) =


0 if x = y

1 if x 6= y

It is not hard to check that d is a metric on X, usually referred to as the
discrete metric.

Eksempel 7: There are many ways to make new metric spaces from old.
The simplest is the subspace metric: If (X, d) is a metric space and A
is a non-empty subset of X, we can make a metric dA on A by putting
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dA(x, y) = d(x, y) for all x, y ∈ A — we simply restrict the metric to A. It
is trivial to check that dA is a metric on A. In practice, we rarely bother to
change the name of the metric and refer to dA simply as d, but remember
in the back of our head that d is now restricted to A.

There are many more types of metric spaces than we have seen so far, but
the hope is that the examples above will give you a certain impression of the
variety of the concept. In the next section we shall see how we can define
convergence and continuity for sequences and functions in metric spaces.
When we prove theorems about these concepts, they automatically hold in
all metric spaces, saving us the labor of having to prove them over and over
again each time we introduce a new class of spaces.

Problems for Section 1.1

1. Show that (X, d) in Example 4 is a metric space.

2. Show that (X, d1) in Example 5 is a metric space.

3. Show that (X, d2) in Example 5 is a metric space.

4. Show that (X, d) in Example 6 is a metric space..

5. A sequence {xn}n∈N of real numbers is called bounded if there is a number
M ∈ R such that |xn| ≤ M for all n ∈ N. Let X be the set of all bounded
sequences. Show that

d({xn}, {yn}) = sup{[xn − yn| : n ∈ N}

is a metric on X.

6. If V is a (real) vector space, a function | · | : V → R is called a norm if the
following conditions are satisfied:

(i) For all x ∈ V , |x| ≥ 0 with equality if and only if x = 0.

(ii) |αx| = |α||x| for all α ∈ R and all x ∈ V .

(iii) |x + y| ≤ |x|+ |y[ for all x, y ∈ V .

Show that if | · | is a norm, then d(x, y) = |x− y| defines a metric on V

7. Show that if (X, d) is a metric space.

|d(x, y)− d(x, z)| ≤ d(z, y)

for all x, y, z ∈ X.

8. Assume that d1 og d2 are two metrics on X. Show that

d(x, y) = d1(x, y) + d2(x, y)

is a metric on X.
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9. Assume that (X, dX) and (Y, dY ) are two metric spaces. Define a function

d : (X × Y )× (X × Y ) → R

by
d((x1, y1), (x2, y2)) = dX(x1, x2) + dY (y1, y2)

Show that d is a metric on X × Y .

10. Let X be a non-empty set, and let ρ : X ×X → R be a function satisfying:

(i) ρ(x, y) ≥ 0 with equality if and only if x = y.

(ii) ρ(x, y) ≤ ρ(x, z) + ρ(z, y) for all x, y, z ∈ X.

Define d : X ×X → R by

d(x, y) = max{ρ(x, y), ρ(y, x)}

Show that d is a metric on X.

1.2 Convergence and continuity

We begin our study of metric spaces by defining convergence of sequences. A
sequence {xn} in a metric space X is just a collection {x1, x2, x3, . . . , xn, . . .}
of elements in X enumerated by the natural numbers.

Definition 1.2.1 Let (X, d) be a metric space. A sequencee {xn} in X
converges to a point a ∈ X if there for every ε > 0 exists an N ∈ N such
that d(xn, a) < ε for all n ≥ N . We write limn→∞ xn = a or xn → a.

Note that this definition exactly mimics the definition of convergence in
R og Rn. Here is an alternative formulation.

Lemma 1.2.2 A sequence {xn} in a metric space (X, d) converges to a if
and only if limn→∞ d(xn, a) = 0.

Proof: The distances {d(xn, a)} form a sequence of nonnegative numbers.
This sequence converges to 0 if and only if there for every ε > 0 exists an
N ∈ N such that d(xn, a) < ε when n ≥ N . But this is exactly what the
definition above says. 2

May a sequence converge to more than one point? We know that it
cannot in Rn, but some of these new metric spaces are so strange that we
can not be certain without a proof.

Proposition 1.2.3 A sequence in a metric point can not converge to more
than one point.
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Proof: Assume that limn→∞ xn = a and limn→∞ xn = b. We must show
that this is only possible if a = b. According to the triangle inequality

d(a, b) ≤ d(a, xn) + d(xn, b)

Taking limits, we get

d(a, b) ≤ lim
n→∞

d(a, xn) + lim
n→∞

d(xn, b) = 0 + 0 = 0

Consequently, d(a, b) = 0, and according to point (i) (positivity) in the def-
inition of metric spaces, a = b. 2

Note how we use the conditions in Definition 1.1.1 in the proof above. So
far this is all we know about metric spaces. As the theory develops, we shall
get more and more tools to work with.

We can also phrase the notion of convergence in more geometric terms.
If a is an element of a metric space X, and r is a positive number, the (open)
ball centered at a with radius r is the set

B(a; r) = {x ∈ X | d(x, a) < r}

As the terminology suggests, we think of B(a; r) as a ball around a with
radius r. Note that x ∈ B(a; r) means exactly the same as d(x, a) < r.

The definition of convergence can now be rephrased by saying that {xn}
converges to a if the terms of the sequence {xn} eventually end up inside
any ball B(a; ε) around a.

Let us now see how we can define continuity in metric spaces.

Definition 1.2.4 Assume that (X, dX), (Y, dY ) are two metric spaces. A
function f : X → Y is continuous at a point a ∈ X if for every ε > 0 there
is a δ > 0 such that dY (f(x), f(a)) < ε whenever dX(x, a) < δ.

This definition says exactly the same as as the usual definitions of continuity
for functions of one or several variables; we can get the distance between
f(x) and f(a) smaller than ε by choosing x such that the distance between
x and a is smaller than δ. The only difference is that we are now using the
metrics dX og dY to measure the distances.

A more geometric formulation of the definition is to say that for any open
ball B(f(a); ε) around f(a), there is an open ball B(a, δ) around a such that
f(B(a; δ)) ⊂ B(f(a); ε) (make a drawing!).

There is a close connection between continuity and convergence which
reflects our intuitive feeling that f is continuous at a point a if f(x) ap-
proaches f(a) whenever x approaches a.

Proposition 1.2.5 The following are equivalent for a function f : X → Y
between metric spaces:
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(i) f is continuous at a point a ∈ X.

(ii) For all sequences {xn} converging to a, the sequence {f(xn)} converges
to f(a).

Proof: (i) =⇒ (ii): We must show that for any ε > 0, there is an N ∈ N
such that dY (f(xn), f(a)) < ε when n ≥ N . Since f is continuous at a,
there is a δ > 0 such that dY (f(xn), f(a)) < ε whenever dX(x, a) < δ. Since
xn converges to a, there is an N ∈ N such that dX(xn, a) < δ when n ≥ N .
But then dY (f(xn), f(a)) < ε for all n ≥ N .

(ii) =⇒ (i) We argue contrapositively: Assume that f is not continuous
at a. We shall show that there is a sequence {xn} converging to a such that
{f(xn)} does not converge to f(a). That f is not continuous at a, means
that there is an ε > 0 such that no matter how small we choose δ > 0, there
is an x such that dX(x, a) < δ, but dY (f(x), f(a)) ≥ ε. In particular, we can
for each n ∈ N find an xn such that dX(xn, a) < 1

n , but dY (f(xn), f(a)) ≥ ε.
Then {xn} converges to a, but {f(xn)} does not converge to f(a). 2

The composition of two continuous functions is continuous.

Proposition 1.2.6 Let (X, dX), (Y, dY ), (Z, dZ) be three metric spaces.
Assume that f : X → Y and g : Y → Z are two functions, and let h : X → Z
be the composition h(x) = g(f(x)). If f is continuous at the point a ∈ X
and g is continuous at the point b = f(a), then h is continuous at a.

Proof: Assume that {xn} converges to a. Since f is continuous at a, {f(xn)}
converges to f(a), and since g is continuous at b = f(a), {g(f(xn))} con-
verges to g(f(a)), i.e {h(xn)} converges to h(a). By the Proposition above,
h is continuous at a. 2

As in calculus, a function is called continuous if it is continuous at all
points:

Definition 1.2.7 A function f : X → Y between two metrics spaces is
called continuous if it continuous at all points x in X.

Problems to Section 1.2

1. Assume that (X, d) is a discrete metric space (recall Example 6 in Section
1.1). Show that the sequence {xn} converges to a if and only if there is an
N ∈ N such that xn = a for all n ≥ N .

2. Prove Proposition 1.2.6 without using Proposition 1.2.5, i.e. use only the
definition of continuity.

3. Assume that (X, d) is a metric space, and let R have the usual metric
dR(x, y) = |x− y[. Assume that f, g : X → R are continuous functions.
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a) Show that cf is continuous for all constants c ∈ R.

b) Show that f + g is continuous.

c) Show that fg is continuous.

4. Let (X, d) be a metric space and choose a point a ∈ X. Show that the
function f : X → R given by f(x) = d(x, a) is continuous (we are using the
usual metric dR(x.y) = |x− y[ on R).

5. Let (X, dX) and (Y, dY ) be two metric spaces. A function f : X → Y
is said to be a Lipschitz function if there is a constant K ∈ R such that
dY (f(u), f(v)) ≤ KdX(u, v) for all u, v ∈ X. Show that all Lipschitz func-
tions are continuous.

6. Let dR be the usual metric on R and let ddisc be the discrete metric on R.
Let id : R → R be the identity function id(x) = x. Show that

id : (R, ddisc) → (R, dR)

is continuous, but that

id : (R, dR) → (R, ddisc)

is not continuous. Note that this shows that the inverse of a bijective, con-
tinuous function is not necessarily continuous.

7. Assume that d1 and d2 are two metrics on the same space X. We say that
d1 and d2 are equivalent if there are constants K and M such that d1(x, y) ≤
Kd2(x, y) and d2(x, y) ≤ Md1(x, y) for all x, y ∈ X.

a) Assume that d1 and d2 are equivalent metrics on X. Show that if {xn}
converges to a in one of the metrics, it also converges to a in the other
metric.

b) Assume that d1 and d2 are equivalent metrics on X, and that (Y, d) is
a metric space. Show that if f : X → Y is continuous when we use the
d1-metric on X, it is also continuous when we use the d2-metric.

c) We are in the same setting as i part b), but this time we have a function
g : Y → X. Show that if g is continuous when we use the d1-metric on
X, it is also continuous when we use the d2-metric.

d Assume that d1, d2 and d3 are three metrics on X. Show that if d1

and d2 are equivalent, and d2 and d3 are equivalent, then d1 and d3 are
equivalent.

e) Show that

d1(x,y) = |x1 − y1|+ |x2 − y2|+ . . . + |xn − yn|

d2(x,y) = max{|x1 − y1|, |x2 − y2|, . . . , |xn − yn[}

d3(x,y) =
√
|x1 − y1|2 + |x2 − y2|2 + . . . + |xn − yn|2

are equivalent metrics on Rn.
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1.3 Open and closed sets

In this and the following sections, we shall study some of the most important
classes of subsets of metric spaces. We begin by recalling and extending the
definition of balls in a metric space:

Definition 1.3.1 Let a be a point in a metric space (X, d), and assume that
r is a positive, real number. The (open) ball centered ar a with radius r is
the set

B(a; r) = {x ∈ X : d(x, a) < r}

The closed ball centered ar a with radius r is the set

B(a; r) = {x ∈ X : d(x, a) ≤ r}

In many ways, balls in metric spaces behave just the way we are used to, but
geometrically the may look quite different from ordinary balls. A ball in the
Manhattan metric (Example 3 in Section 1.1) looks like an ace of diamonds,
while a ball in the discrete metric (Example 6 i Section 1.1) consists either
of only one point or the entire space X.

If A is a subset of X and x is a point in X, there are three possibilities:

(i) There is a ball B(x; r) around x which is contained in A. In this case
x is called an interior point of A.

(ii) There is a ball B(x; r) around x which is contained in the complement
Ac. In this case x is called an exterior point of A.

(iii) All balls B(x; r) around x contains points in A as well as points in the
complement Ac. In this case x is a boundary point of A.

Note that an interior point always belongs to A, while an exterior point
never belongs to A. A boundary point will some times belong to A, and
some times to Ac.

We now define the important concepts of open and closed sets:

Definition 1.3.2 A subset A of a metric space is open if it does not contain
any of its boundary points, and it is closed if it contains all its boundary
points.

Most sets contain some, but not all of their boundary points, and are
hence neither open nor closed. The empty set ∅ and the entire space X are
both open and closed as they do not have any boundary points. Here is an
obvious, but useful reformulation of the definition of an open set.

Proposition 1.3.3 A subset A of a metric space X is open if and only if
it only consists of interior points, i.e. for all a ∈ A, there is a ball B(a; r)
around a which is contained in A.
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Observe that a set A and its complement Ac have exactly the same
boundary points. This leads to the following useful result.

Proposition 1.3.4 A subset A of a metric space X is open if and only if
its complement Ac is closed.

Proof: If A is open, it does not contain any of the (common) boundary
points. Hence they all belong to Ac, and Ac must be closed.

Conversely, if Ac is closed, it contains all boundary points, and hence A
can not have any. This means that A is open. 2

The following observation may seem obvious, but needs to be proved:

Lemma 1.3.5 All open balls B(a; r) are open sets, while all closed balls
B(a; r) are closed sets.

Proof: We prove the statement about open balls and leave the other as an
exercise. Assume that x ∈ B(a; r); we must show that there is a ball B(x; ε)
around x which is contained in B(a; r). If we choose ε = r − d(x, a), we see
that if y ∈ B(x; ε) then by the Triangle Inequality

d(y, a) ≤ d(y, x) + d(x, a) < ε + d(x, a) = (r − d(x, a)) + d(x, a) = r

Thus d(y, a) < r, and hence B(x; ε) ⊂ B(a; r) 2

The next result shows that closed sets are indeed closed as far as se-
quences are concerned:

Proposition 1.3.6 Assume that F is a subset of a metric space X. The
following are equivalent:

(i) F is closed.

(ii) If {xn} is a convergent sequence of elements in F , then the limit a =
limn→∞ xn always belongs to F .

Proof: Assume that F is closed and that a does not belong to F . We
must show that a sequence from F cannot converge to a. Since F is closed
and contains all its boundary points, a has to be an exterior point, and
hence there is a ball B(a; ε) around a which only contains points from the
complement of F . But then a sequence from F can never get inside B(a, ε),
and hence cannot converge to a.

Assume now that that F is not closed. We shall construct a sequence
from F that converges to a point outside F . Since F is not closed, there is a
boundary point a that does not belong to F . For each n ∈ N, we can find a
point xn from F in B(a; 1

n). Then {xn} is a sequence from F that converges
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to a point a which is not in F . 2

An open set containing x is called a neighborhood of x. The next result
is rather silly, but also quite useful.

Lemma 1.3.7 Let U be a subset of the metric space X, and assume that
each x0 ∈ U has a neighborhood Ux0 ⊂ U . Then U is open.

Proof: We must show that any x0 ∈ U is an interior point. Since Ux0 is
open, there is an r > 0 such that B(x0, r) ⊂ Ux0 . But then B(x0, r) ⊂ U ,
which shows that x0 is an interior point of U . 2

In Proposition 1.2.5 we gave a characterization of continuity in terms of
sequences. We shall now prove three characterizations in terms of open and
closed sets. The first one characterizes continuity at a point.

Proposition 1.3.8 Let f : X → Y be a function between metric spaces,
and let x0 be a point in X. Then the following are equivalent:

(i) f is continuous at x0,

(ii) For all neighborhoods V of f(x0), there is a neighborhood U of x0 such
that f(U) ⊂ V .

Proof: (i) =⇒ (ii): Assume that f is continuous at x0. If V is a neighbor-
hood of f(x0), there is a ball BY (f(x0), ε) centered at f(x0) and contained in
V . Since f is continuous at x0, there is a δ > 0 such that dY (f(x), f(x0)) < ε
whenever dX(x, x0) < δ. But this means that f(BX(x0, δ)) ⊂ BY (f(x0), ε) ⊂
V . Hence (ii) is satisfied if we choose U = B(x0, δ).

(ii) =⇒ (i) We must show that for any given ε > 0, there is a δ > 0 such
that dY (f(x), f(x0)) < ε whenever dX(x, x0) < δ. Since V = BY (f(x0), ε)
is a neighbohood of f(x0), there must be a neighborhood U of x0 such that
f(U) ⊂ V . Since U is open, there is a ball B(x0, δ) centered at x0 and
contained in U . Assume that dX(x, x0) < δ. Then x ∈ BX(x0, δ) ⊂ U ,
and hence f(x) ∈ V = BY (f(x0), ε), which means that dY (f(x), f(x0)) < ε.
Hence we have found a δ > 0 such that dY (f(x), f(x0)) < ε whenever
dX(x, x0) < δ, and hence f is continuous at x0. 2

We can also use open sets to characterize global continuity of functions:

Proposition 1.3.9 The following are equivalent for a function f : X → Y
between two metric spaces:

(i) f is continuous.

(ii) Whenever V is an open subset of Y , the inverse image f−1(V ) is an
open set in X.
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Proof: (i) =⇒ (ii): Assume that f is continuous and that V ⊂ Y is open.
We shall prove that f−1(V ) is open. For any x0 ∈ f−1(V ), f(x0) ∈ V ,
and we know from the previos theorem that there is a neighborhood Ux0 of
x0 such that f(Ux0) ⊂ V . But then Ux0 ⊂ f−1(V ), and by Lemma 1.3.7,
f−1(V ) is open.

(ii) =⇒ (i) Assume that the inverse image of open sets are open. To
prove that f is continuous at an arbitrary point x0, Proposition 1.3.6 tells
us that it suffices to show that for any neighborhood U of f(x0), there is a
neighborhood V of x0 such that f(V ) ⊂ U . But this easy: Since the inverse
image of an open set is open, we can simply shoose U = f−1(V ). 2

The description above is useful in many situations. Using that inverse
images commute with complements, and that closed sets are the comple-
ments of open, we can translate it into a statement about closed sets:

Proposition 1.3.10 The following are equivalent for a function f : X → Y
between two metric spaces:

(i) f is continuous.

(ii) Whenever F is a closed subset of Y , the inverse image f−1(F ) is a
closed set in X.

Proof: (i) =⇒ (ii): Assume that f is continuous and that F ⊂ Y is closed.
Then F c is open, and by the previous proposition, f−1(F c) is open. Since
inverse images commute with complements, (f−1(F ))c = f−1(F c). This
means that f−1(F ) has an open complement and hence is closed.

(ii) =⇒ (i) Assume that the inverse images of closed sets are closed.
According to the previous proposition, it suffices to show that the inverse
image of any open set V ⊂ Y is open. But if V is open, the complement V c

is closed, and hence by assumption f−1(V c) is closed. Since inverse images
commute with complements, (f−1(V ))c = f−1(V c). This means that the
complement of f−1(V ) is closed, and hence f−1(V ) is open. 2

Mathematicians usually sum up the last two theorems by saying that
openness and closedness are preserved under inverse, continuous images. Be
aware that these properties are not preserved under continuous, direct im-
ages; even if f is continuous, the image f(U) of an open set U need not be
open, and the image f(F ) of a closed F need not be closed:

Eksempel 1: Let f, g : R → R be the continuous functions defined by

f(x) = x2 and g(x) = arctanx

The set R is both open and closed, but f(R) equals [0,∞) which is not open,
and g(R) equals (−π

2 , π
2 ) which is not closed. Hence the continuous image
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of an open set need not be open, and the continuous image of a closed set
need not be closed.

Problems to Section 1.3

1. Assume that (X, d) is a discrete metric space.

a) Show that an open ball in X is either a set with only one element (a
singleton) or all of X.

b) Show that all subsets of X are both open and closed.

c) Assume that (Y, dY ) is another metric space. Show that all functions
f : X → Y are continuous.

2. Give a geometric description of the ball B(a; r) in the Manhattan metric (see
Example 3 in Section 1.1). Make a drawing of a typical ball. Show that the
Manhattan metric and the usual metric in R2 have exactly the same open
sets.

3. Prove the second part of Lemma 1.3.5, i.e. prove that a closed ball B(a; r) is
always a closed set.

4. Assume that f : X → Y and g : Y → Z are continuous functions. Use
Proposition 1.3.9 to show that the composition g ◦ f : X → Z is continuous.

5. Assume that A is a subset of a metric space (X, d). Show that the interior
points of A are the exterior points of Ac, and that the exterior points of A
are the interior points of Ac.. Check that the boundary points of A are the
boundary points of Ac.

6. Assume that A is a subset of a metric space X. The interior A◦ of A is the
set consisting of all interior points of A. Show that A◦ is open.

7. Assume that A is a subset of a metric space X. The closure A of A is the
set consisting of all interior points plus all boundary points of A.

a) Show that A is closed.

b) Let {an} be a sequence from A converging to a point a. Show that
a ∈ A.

8. Let (X, d) be a metric space, and let A be a subset of X. We shall consider
A with the subset metric dA.

a) Assume that G ⊂ A is open in (X, d). Show that G is open in (A, dA).

b) Find an example which shows that although G ⊂ A is open in (A, dA)
it need not be open in (X, dX).

c) Show that if A is an open set in (X, dX), then a subset G of A is open
in (A, dA) if and only if it is open in (X, dX)

8. Let (X, d) be a metric space, and let A be a subset of X. We shall consider
A with the subset metric dA.

a) Assume that F ⊂ A is closed in (X, d). Show that F is closed in (A, dA).
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b) Find an example which shows that although F ⊂ A is closed in (A, dA)
it need not be closed in (X, dX).

c) Show that if A is a closed set in (X, dX), then a subset F of A is open
in (A, dA) if and only if it is closed in (X, dX)

10. Let (X, d) be a metric space and give R the usual metric. Assume that
f : X → R is continuous.

a) Show that the set
{x ∈ X | f(a) < a}

is open for all a ∈ R.

a) Show that the set
{x ∈ X | f(a) ≤ a}

is closed for all a ∈ R.

11. Let (X, d) be a metric space.

a) Assume that A is a (finite or infinite) collection of open sets. Show that
the union

⋃
A∈A A is open.

b) Assume that A1, A2, . . . , An is a finite collection of open sets. Show
that the intersection A1 ∩A2 ∩ . . . ∩An is open.

c) Find an example of an infinite collection of open sets A1, A2, . . . whose
intersection is not open.

12. (It may be an advantage to do problem 11 before you try this one) Let (X, d)
be a metric space.

a) Assume that A is a (finite or infinite) collection of closed sets. Show
that the intersection

⋂
A∈A A is closef.

b) Assume that A1, A2, . . . , An is a finite collection of closed sets. Show
that the union A1 ∪A2 ∪ . . . ∪An is closed.

c) Find an example of an infinite collection of closed sets A1, A2, . . . whose
union is not closed.

1.4 Complete spaces

One of the reasons why calculus in Rn is so successful, is that Rn is a
complete space. We shall now generalize this notion to metric spaces. The
key concept is that of a Cauchy sequence:

Definition 1.4.1 A sequence {xn} in a metric space (X, d) is a Cauchy
sequence if for each ε > 0 there is an N ∈ N such that d(xn, xm) < ε
whenever n, m ≥ N .

We begin by a simple observation:

Proposition 1.4.2 Every convergent sequence is a Cauchy sequence.



16 CHAPTER 1. METRIC SPACES

Proof: If a is the limit of the sequence, there is for any ε > 0 a number
N ∈ N such that d(xn, a) < ε

2 whenever n ≥ N . If n, m ≥ N , the Triangle
Inequality tells us that

d(xn, xm) ≤ d(xn, a) + d(a, xm) <
ε

2
+

ε

2
= ε

and consequently {xn} is a Cauchy sequence. 2

It is not always true that all Cauchy sequences converge, and we make
the following definition

Definition 1.4.3 A metric space is called complete if all Cauchy sequences
converge.

We know from MAT1110 that Rn is complete, but that Q is not when we
use the usual metric d(x, y) = |x − y|. The complete spaces are in many
ways the “nice” metric spaces, and we shall spend much time studying their
properties. We shall also spend some time showing how we can make non-
complete spaces complete. Example 5 in Section 1.1 (where X is the space
of all continuous f : [a, b] → R) shows some interesting cases; X with the
metric d1 is complete, but not X with the metrics d2 and d3. By introducing
a stronger notion of integral (the Lebesgue integral) we can make the metrics
d2 and d3 complete by making them act on a richer space of functions.

The following proposition is quite useful. Remenber that if A is a subset
of X, dA is the subspace metric obtained by restricting d to elements in A
(see Example 7 in Section 1.1).

Proposition 1.4.4 Assume that (X, d) is a complete metric space. If A is
a subset of X, (A, dA) is complete if and only if A is closed.

Proof: Assume first that A is closed. If {an} is a Cauchy sequence in A, {an}
is also a Cauchy sequence in X, and since X is complete, {an} converges to
a point a ∈ X. Since A is closed, Proposition 1.3.6 tells us that a ∈ A. But
then {an} converges to a in (A, dA), and hence (A, dA) is complete.

If A is not closed, there is a boundary point a that does not belong to A.
Each ball B(a, 1

n) must contain an element an from A. In X, the sequence
{an} converges to a, and must be a Cauchy sequence. However, since a /∈ A,
the sequence {an} does not converge to a point in A. Hence we have found
a Cauchy sequence in (A, dA) that does not converge to a point in A, and
hence (A, dA) is incomplete. 2

The nice thing about complete spaces is that we can prove that sequences
converge to a limit without actually constructing or specifying the limit —
all we need is to prove that the sequence is a Cauchy sequence. To prove
that a sequence has the Cauchy property, we only need to work with the
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given terms of the sequence and not the unknown limit, and this often makes
the arguments much easier. As an example of this technique, we shall now
prove an important theorem that will be useful later in the course, but first
we need some definitions.

A function f : X → X is called a contraction if there is a positive number
s < 1 such that

d(f(x), f(y)) ≤ s d(x, y) for all x, y ∈ X

We call s a contraction factor for f . All contractions are continuous (prove
this!), and by induction it is easy to see that

d(f◦n(x), f◦n(y)) ≤ snd(x, y)

where f◦n(x) = f(f(f(. . . f(x)))) is the result of iterating f n times. If
f(a) = a, we say that a is a fixed point for f .

Theorem 1.4.5 (Banach’s Fixed Point Theorem) Assume that (X, d)
is a complete metric space and that f : X → X is a contraction. Then f
has a unique fixed point a, and no matter which starting point x0 ∈ X we
choose, the sequence

x0, x1 = f(x0), x2 = f◦2(x0), . . . , xn = f◦n(x0), . . .

converges to a.

Bevis: Let us first show that f can not have more than one fixed point. If
a and b are two fixed points, and s is a contraction factor for f , we have

d(a, b) = d(f(a), f(b)) ≤ s d(a, b)

Since 0 < s < 1, this is only possible if d(a, b) = 0, i.e. if a = b.
To show that f has a fixed point, choose a starting point x0 in X and

consider the sequence

x0, x1 = f(x0), x2 = f◦2(x0), . . . , xn = f◦n(x0), . . .

Assume we can prove that this is a Cauchy sequence. Since (X, d) is com-
plete, the sequence must converge to a point a. To prove that a is a fixed
point, observe that we have xn+1 = f(xn) for all n, and taking the limit as
n →∞, we get a = f(a). Hence a is a fixed point of f , and the theorem is
proved. Thus it suffices to show that {xn} really is a Cauchy sequence.

Choose two elements xn og xn+k of the sequence. By repeated use of the
Triangle Inequality, we get

d(xn, xn+k) ≤ d(xn, xn+1) + d(xn+1, xn+2) + . . . + d(xn+k−1, xn+k) =
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= d(f◦n(x0), f◦n(x1)) + d(f◦(n+1)(x0), f◦(n+1)(x1)) + . . .

. . . + d(f◦(n+k−1)(x0), f◦(n+k−1)(x1)) ≤

≤ snd(x0, x1) + sn+1d(x0, x1) + . . . + sn+k−1d(x0, x1) =

=
sn(1− sk)

1− s
d(x0, x1) ≤

sn

1− s
d(x0, x1)

where we have summed a geometric series to get from the penultimate to
the last line. Since s < 1, we can get the last expression as small as we want
by choosing n large enough. Given an ε > 0, we can in particular find an N
such that sN

1−s d(x0, x1) < ε. For n, m = n + k larger han or equal to N , we
thus have

d(xn, xm) ≤ sn

1− s
d(x0, x1) < ε

and hence {xn} is a Cauchy sequence. 2

Problems to Section 1.4

1. Show that the discrete metric is always complete.

2. Assume that (X, dX) and (Y, dY ) are complete spaces, and give X × Y the
metric d defined by

d((x1, y1), (x2, y2)) = dX(x1, x2) + dY (y1, y2)

Show that (X × Y, d) is complete.

3. If A is a subset of a metric space (X, d), the diameter diam(A) of A is defined
by

diam(A) = sup{d(x, y) | x, y ∈ A}

Let {An} be a collection of subsets of X such that An+1 ⊂ An and diam(An) →
0, and assume that {an} is a sequence such that an ∈ An for each n ∈ N.
Show that if X is complete, the sequence {an} converges.

4. Assume that d1 and d2 are two metrics on the same space X. We say that
d1 and d2 are equivalent if there are constants K and M such that d1(x, y) ≤
Kd2(x, y) and d2(x, y) ≤ Md1(x, y) for all x, y ∈ X. Show that if d1 and d2

are equivalent, and one of the spaces (X, d1), (X, d2) is complete, then so is
the other.

5. Assume that f : [0, 1] → [0, 1] is a continuous function and that there is a
number s < 1 such that |f ′(x)| < s for all x ∈ (0, 1). Show that there is
exactly one point a ∈ [0, 1] such that f(a) = a.

6. You are standing with a map in your hand inside the area depicted on the
map. Explain that there is exactly one point on the map that is vertically
above the point it depicts.

7. Assume that (X, d) is a complete metric space, and that f : X → X is a
function such that f◦n is a contraction for some n ∈ N. Show that f has a
unique fixed point.
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1.5 Compact sets

We now turn to the study of compact sets. These sets are related both to
closed sets and the notion of completeness, and they are extremely useful in
many applications.

Assume that {xn} is a sequence in a metric space X. If we have a strictly
increasing sequence of natural numbers

n1 < n2 < n3 < . . . < nk < . . .

we call the sequence {yk} = {xnk
} a subsequence of {xn}. A subsequence

contains infinitely many of the terms in the original sequence, but usually
not all.

I leave the first result as an exercise:

Proposition 1.5.1 If the sequence {xn} converges to a, so does all subse-
quences.

We are now ready to define compact sets:

Definition 1.5.2 A subset K of a metric space (X, d) is called compact if
every sequence in K has a subsequence converging to a point in K. The
space (X, d) is compact if X a compact set, i.e. if all sequences in X has a
convergent subsequence..

Compactness is a rather complex notion that it takes a while to get used to.
We shall start by relating it to other concepts we have already introduced.
First a definition:

Definition 1.5.3 A subset A of a metric space (X, d) is bounded if there
is a point b ∈ X and a constant K ∈ R such that d(a, b) ≤ K for all a ∈ A
(it does not matter which point b ∈ X we use in this definition).

Here is our first result on compact sets:

Proposition 1.5.4 Every compact set K in a metric space (X, d) is closed
and bounded.

Bevis: We argue contrapositively. First we show that if a set K is not closed,
then it can not be compact, and then we show that if K is not bounded, it
can not be compact.

Assume that K is not closed. Then there is a boundary point a that does
not belong to K. For each n ∈ N, there is an xn ∈ K such that d(xn, a) < 1

n .
The sequence {xn} converges to a /∈ K, and so does all its subsequences,
and hence no subsequence can converge to a point in K.
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Assume now that K is not bounded. For every n ∈ N there is an element
xn ∈ K such that d(xn, b) > n. If {yk} is a subsequence of xn, clearly
limk→∞ d(yk, b) = ∞. It is easy to see that {yk} can not converge to any
element y ∈ X: According to the Triangle Inequality

d(yk, b) ≤ d(yk, y) + d(y, b)

and since d(yk, b) → ∞, we must have d(yk, y) → ∞. Hence {xn} has no
convergent subsequences, and K can not be compact. 2

In Rn the converse of the result above holds: All closed and bounded sub-
sets of Rn are compact (this is just a reformulation of Bolzano-Weierstrass’
Theorem in MAT1110). The following example shows that this is not the
case for all metric space.

Example 1: Consider the metric space (N, d) where d is the discrete met-
ric. Then N is complete, closed and bounded, but the sequence {n} does
not have a convergent subsequence.

We shall later see how we can strengthen the boundedness condition (to
something called total boundedness) to get a characterization of compact-
ness.

We next want to take a look at the relationship between completeness
and compactness. Not all complete spaces are compact (R is complete but
not compact), but it turns out that all compact spaces are complete. To
prove this, we need a lemma on subsequences of Cauchy sequences that is
useful also in other contexts.

Lemma 1.5.5 Assume that {xn} is a Cauchy sequence in a (not necessarily
complete) metric space (X, d). If there is a subsequence {xnk

} converging to
a point a, then the original sequence {xn} also converges to a

Proof: We must show that for any given ε > 0, there is an N ∈ N such that
d(xn, a) < ε for all n ≥ N . Since {xn} is a Cauchy sequence, there is an
N ∈ N such that d(xn, xm) < ε

2 for all n, m ≥ N . Since {xnk
} converges to

a, there is a K such that nK ≥ N and d(xnK , a) ≤ ε
2 . For all n ≥ N we then

have
d(xn, a) ≤ d(xn, xnK ) + d(xnK , a) <

ε

2
+

ε

2
= ε

by the Triangle Inequality. 2

Proposition 1.5.6 Every compact metric space is complete.

Proof: Let {xn} be a Cauchy sequence. Since X is compact, there is a
subsequence {xnk

} converging to a point a. By the lemma above, {xn} also
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converges to a. Hence all Cauchy sequences converge, and X must be com-
plete. 2

Here is another useful result:

Proposition 1.5.7 A closed subset F of a compact set K is compact.

Proof: Assume that {xn} is a sequence in F — we must show that {xn} has
a subsequence converging to a point in F . Since {xn} is also a sequence in
K, and K is compact, there is a subsequence {xnk

} converging to a point
a ∈ K. Since F is closed, a ∈ F , and hence {xn} has a subsequence con-
verging to a point in F . 2

We have previously seen that if f is a continuous function, the inverse
images of open and closed are open and closed, respectively. The inverse im-
age of a compact set need not be compact, but it turns out that the (direct)
image of a compact set under a continuous function is always compact.

Proposition 1.5.8 Assume that f : X → Y is a continuous function be-
tween two metric spaces. If K ⊂ X is compact, then f(K) is a compact
subset of Y .

Proof: Let {yn} be a sequence in f(K); we shall show that {yn} has subse-
quence converging to a point in f(K). Since yn ∈ f(K), we can for each n
find an element xn ∈ K such that f(xn) = yn. Since K is compact, the se-
quence {xn} has a subsequence {xnk

} converging to a point x ∈ K. But then
{ynk

} = {f(xnk
)} is a subsequence of {yn} converging to y = f(x) ∈ f(K).

2

So far we have only proved technical results about the nature of compact
sets. The next result gives the first indication why these sets are useful.

Theorem 1.5.9 (The Extreme Value Theorem) Assume that K is a
compact subset of a metric space (X, d), and that f : K → R is a continuous
function. Then f has maximum and minimum points in K, i.e. there are
points c, d ∈ K such that

f(d) ≤ f(x) ≤ f(c)

for all x ∈ K.

Proof: We prove the part about the maximum and leave the minimum as
an exercise. Let

M = sup{f(x) | x ∈ K}
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(since we don’t know yet that f is bounded, we must consider the possibility
that M = ∞). Choose a sequence {xn} in K such that f(xn) → M (such a
sequence exists regardless of whether M = ∞ or not). Since K is compact,
{xn} has a subsequence {yk} = {xnk

} converging to a point c ∈ K. Then
on the one hand f(yk) → M , and on the other lim f(yk) = f(c) according
to Proposition 1.2.3. Hence f(c) = M , and since M = sup{f(x) | x ∈ K}, c
is a maximum point for f on K. 2.

Let us finally turn to the description of compactness in terms of total
boundedness.

Definition 1.5.10 A subset A of a metric space X is called totally bounded
if for each ε > 0 there is a finite number B(a1, ε),B(a2, ε), . . . ,B(an, ε) of
balls of radius ε that cover A (i.e. A ⊂ B(a1, ε) ∪ B(a2, ε) ∪ . . . ∪ B(an, ε)).

Theorem 1.5.11 A subset A of a complete metric space X is compact if
and only if it is closed and totally bounded.

Proof: As we already know that a compact set is closed, it suffices to prove
that a closed set A is compact if and only if A is totally bounded. We
shall first assume that A is not totally bounded and show that it is not
compact. Then we shall assume that a A is totally bounded and show that
A is compact.

Assume that A is not totally bounded. Then there is an ε > 0 such that
no finite collection of ε-balls cover A. We shall construct a sequence {xn} in
A that does not have a convergent subsequence. We begin by choosing an
arbitrary element x1 ∈ A. Since B(a1, ε) does not cover A, we can choose
x2 ∈ A \B(x1, ε). Since B(x1, ε) and B(x2, ε) do not cover A, we can choose
x3 ∈ A \

(
B(x1, ε) ∪ B(x2, ε)

)
. Continuing in this way, we get a sequence

{xn} such that

xn ∈ A \
(
B(x1, ε) ∪ B(x2, ε) ∪ . . . ∪ (B(xn−1, ε)

)
This means that d(xn, xm) ≥ ε for all n, m ∈ N, n > m, and hence {xn} has
no convergent subsequence.

Assume now that A is totally bounded, and let {xn} be a sequence
in A. Our aim is to construct a convergent subsequence {xnk

}. Choose
balls B1

1 , B1
2 , . . . , B1

k1
of radius one that cover A. At least one of these balls

must contain infinitely many points from the sequence. Call this ball S1 (if
there are more than one such ball, just choose one). We now choose balls
B2

1 , B2
2 , . . . , B2

k2
of radius 1

2 that cover A. At least one of these ball must
contain infinitely many of the terms from the sequence that lies in S1. If we
call this ball S2, S1 ∩ S2 contains infinitely many terms from the sequence.
Continuing in this way, we find a sequence of balls Sk of radius 1

k such that

S1 ∩ S2 ∩ . . . ∩ Sk
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always contains infinitely many terms from the sequence.
We can now construct a convergent subsequence of {xn}. Choose n1

to be the first number such that xn1 belongs to S1. Choose n2 to be first
number larger that n1 such that xn2 belongs to S1 ∩ S2, then choose n3 to
be the first number larger than n2 such that xn3 belongs to S1 ∩ S2 ∩ S3.
Continuing in this way, we get a subsequence {xnk

} such that

xnk
∈ S1 ∩ S2 ∩ . . . ∩ Sk

for all k. Since the Sk’s are shrinking, {xnk
} is a Cauchy sequence, and

since X is complete, {xnk
} converges to a point a. Since A is closed, a ∈ A.

Hence we have proved that any sequence in A has a sequence converging to
a point in A, and thus A is compact. 2

Problems to Section 1.5

1. Show that a space (X, d) with the discrete metric is compact if and only if
X is a finite set.

2. Prove Proposition 1.5.1.

3. Prove the minimum part of Theorem 1.5.9.

4. Let b and c be two points in a metric space (X, d), and let A be a subset of
X. Show that if there is a number K ∈ R such that d(a, b) ≤ K for all a ∈ A,
then there is a number M ∈ R such that d(a, c) ≤ M for all a ∈ A. Hence it
doesn’t matter which point b ∈ X we use in Definition 1.5.3.

5. Assume that (X, d) is metric space and that f : X → [0,∞) is a continuous
function. Assume that for each ε > 0, there is a compact Kε ⊂ X such that
f(x) < ε when x /∈ Kε. Show that f has a maximum point.

6. Let (X, d) be a compact metric space, and assume that f : X → R is contin-
uous when we give R the usual metric. Show that if f(x) > 0 for all x ∈ X,
then there is a positive, real number a such that f(x) > a for all x ∈ X.

7. Assume that f : X → Y is a continuous function between metric spaces,
and let K be a compact subset of Y . Show that f−1(K) is closed. Find an
example which shows that f−1(K) need not be compact.

8. Show that a totally bounded subset of a metric space is always bounded. Find
an example of a bounded set in a metric space that is not totally bounded.

9. The Bolzano-Weierstrass’ Theorem says that any bounded sequence in Rn

has a convergent subsequence. Use it to prove that a subset of Rn is compact
if and only if it is closed and bounded,

10. Let (X, d) be a metric space,

a) Assume that K1,K2, . . . ,Kn is a finite collection of subsets of X. Show
that the union K1 ∪K2 ∪ . . . ∪Kn is compact.
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b) Assume that K is a collection of compact subset of X. Show that the
intersection

⋂
K∈K K is compact.

11. Let (X, d) be a metric space. Assume that {Kn} is a sequence of non-empty,
compact subsets of X such that K1 ⊃ K2 ⊃ . . . ⊃ Kn ⊃ . . .. Prove that⋂

n∈N Kn is non-empty.

12. Let (X, dX) and (Y, dY ) be two metric spaces. Assume that (X, dX) is com-
pact, and that f : X → Y is bijective and continuous. Show that the inverse
function f−1 : Y → X is continuous.

13. Assume that C and K are disjoint, compact subset of a metric space (X, d),
and define

a = inf{d(x, y) | x ∈ C, y ∈ K}

Show that a is strictly positive and that there are points x0 ∈ C, y0 ∈ K
such that d(x0, y0) = a. Show by an example that the result does not hold if
we only assume that C and K are closed.

14. Assume that (X, d) is compact and that f : X → X is continuous.

a) Show that the function g(x) = d(x, f(x)) is continuous and has a min-
imum point.

b) Assume in addition that d(f(x), f(y)) < d(x, y) for all x, y ∈ X, x 6= y.
Show that f has a unique fixed point. (Hint: Use the minimum from
a))


