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COURSE MAT2400
Mandatory assignment 2 of 2

Submission deadline

Thursday 27th April 2017, 14:30 in the mandatory activity hand-in box, situated
on the 7th floor of Niels Henrik Abels hus.

Instructions

You may write your answers either by hand or on a computer (for instance with
LATEX). All submissions must include the following official front page:

http://www.uio.no/english/studies/admin/compulsory-activities/
mn-math-obligforside-eng.pdf

It is expected that you give a clear presentation with all necessary explanations.
Remember to include all relevant plots and figures. Students who fail the assign-
ment, but have made a genuine effort at solving the exercises, are given a second
attempt at revising their answers. All aids, including collaboration, are allowed,
but the submission must be written by you and reflect your understanding of
the subject. If we doubt that you understand the content you have handed in,
we may request that you give an oral account.

In exercises where you are asked to write a computer program, you need to
hand in the code along with the rest of the assignment. It is important that the
submitted program contains a trial run, so that it is easy to see the result of the
code. In order to print the code from one of the Linux machines belonging to
the university, move to the folder containing your program and type

lpr -P pullprint_manufacturer filename

where filename is the file you wish to print and pullprint_manufacturer
is the name of the manufacturer of the printer you wish print from. Common
choices are pullprint_Ricoh and pullprint_HP.

Application for postponed delivery

If you need to apply for a postponement of the submission deadline due to
illness or other reasons, you have to contact the Student Administration at
the Department of Mathematics (7th floor of Niels Henrik Abels hus, e-mail:
studieinfo@math.uio.no) well before the deadline.

All mandatory assignments in this course must be approved in the same semester,
before you are allowed to take the final examination.

Complete guidelines about delivery of mandatory assignments:

uio.no/english/studies/admin/compulsory-activities/mn-math-mandatory.html

GOOD LUCK!
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Requirements to pass. Exercise 7 is optional. There are 14 questions in
Exercises 1 to 6. Each will be evaluated on a scale of 10 points. 70 points to pass.
Questions of the form “show that” are harder than those of the form “check
that”. For any question you may use results from previous questions, even if you
have not answered them.

1 Goal

We fix two real numbers a, b such that a < b. We also fix a complete normed
vector space X. We are interested in defining and studying the Riemann integral
of (some) maps from [a, b] to X. For the purposes of this mandatory assigment
we pretend to forget all we know about integration, and start from scratch to
build up the theory.

2 Subdivisions and step-functions

A subdivision of the interval [a, b] is a family ξ = (ξi)i∈[[0,n]] of reals, for some
n ∈ N∗, such that:

a = ξ0 < ξ1 < . . . < ξn−1 < ξn = b. (1)

Notice that such a family is uniquely determined by the set of points:

Π(ξ) = {ξi : i ∈ [[0, n]]}. (2)

We say that ξ is a subdivion with n intervals.
When ξ and ξ′ are two subdivisions, possibly with different numbers of

intervals, we say that ξ′ is a refinement of ξ when Π(ξ) ⊆ Π(ξ′).
We say that a map u : [a, b]→ X is a step-function, if there exists an n ∈ N∗

and a subdivision of [a, b] into n intervals, such that u is constant on each open
interval ]ξi, ξi+1[ for i ∈ [[0, n− 1]]. Under these circumstances we say that ξ is
compatible with u. We will use the concept of step-function also in the special
case where X = R.

If u : [a, b]→ X is a step-function, and ξ is a compatible subdivision with n
intervals, we define:

Iξu =
n−1∑
i=0

(ξi+1 − ξi)ui, (3)

where ui ∈ X denotes the value taken by u on the interval ]ξi, ξi+1[.

Exercise 1. (i) Check that if ξ and ξ′ are two subdivisions of [a, b] then there
is a subdivion ξ′′ that is a refinement of both ξ and ξ′.

(ii) Deduce that the set of step-functions is a linear subspace of the vectorspace
of maps from [a, b] to X.

(iii) Check that if u is a step-function, Iξu is independent of the subdivision ξ,
as long as ξ is compatible with u.

Based on the preceding exercise, when u is a step-function, we write Iu = Iξu
for an arbitrary choice of compatible subdivision ξ and call Iu the integral of u.
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Exercise 2. (i) Let S be the linear space of step-functions from [a, b] to X.
Show that the integral is linear - that is, following map is linear:

I :
{
S → X,
u 7→ Iu. (4)

(ii) Check that if u is a step-function from [a, b] to X, then v : [a, b]→ R defined
at each x ∈ [a, b] by v(x) = ‖u(x)‖ is a step-function and that ‖Iu‖ ≤ Iv.

(iii) Check that if v and w are two step-functions from [a, b] to R and for all
x ∈ [a, b], v(x) ≤ w(x), then Iv ≤ Iw.

Exercise 3. Suppose f : [a, b] → X is a continuous map. By an argument
based on uniform continuity, show that for any ε > 0 there exists a step-function
u : [a, b]→ X such that for all x ∈ [a, b], ‖f(x)− u(x)‖ < ε.

3 The Riemann integral

Definition 1. Let f : [a, b]→ X be a map. We say that f is Riemann-integrable
if for every ε > 0 there exists a step-function u : [a, b]→ X and a step-function
v : [a, b]→ R, such that:

(∀x ∈ [a, b] ‖f(x)− u(x)‖ ≤ v(x)) and Iv < ε. (5)

In this situation we say that (u, v) is an ε-pair of step-functions for f .

Exercise 4. (i) Check that any step-function f : [a, b] → X is Riemann
integrable.

(ii) Show that if f : [a, b]→ X is Riemann integrable then f is bounded.

(iii) Check using Exercise 3 that every continuous map f : [a, b]→ X is Riemann-
integrable.

Exercise 5. Suppose that f : [a, b]→ X is Riemann integrable.

(i) Suppose that (εn)n∈N is a sequence of strictly positive reals converging to 0.
Suppose that for each n ∈ N, (un, vn) is an εn-pair of step-functions for f .

Check that ‖un(x) − um(x)‖ ≤ vn(x) + vm(x) and deduce that (Iun) is a
Cauchy sequence in X.

(ii) Show that the limit of (Iun) does not depend on the choice of sequences
(εn), (un), and (vn) as long as the above stated properties hold.

Not surprisingly, in the above circumstances, the limit of the sequence
(Iun)n∈N is called the integral of f .

4 Integrability and continuity

When I is a bounded interval we denote by |I| its length:

|I| = (sup I)− (inf I). (6)
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Definition 2. Let A be a subset of R. We say that A is negligible if for each
δ > 0 there exists a family (In)n∈N of open intervals such that:

A ⊆ ∪n∈NIn and
∞∑
n=0
|In| < δ. (7)

Exercise 6. (i) Check that for any δ > 0 one can find a sequence (εn)n∈N of
strictly positive reals such that:

∞∑
n=0

εn < δ. (8)

(ii) Show that any countable subset of R is negligible.

One can show that f : [a, b] → X is Riemann integrable if and only if f is
bounded and the set of points where f is discontinuous is negligible. The rest of
this assigment is optional, and proves one half of this statement (due to Lebesgue
based on earlier work by Riemann).
Definition 3. For any map f : [a, b] → X, and any x ∈ [a, b] we define the
oscillation of f at x as:

osc(f, x) = lim
δ→0

sup{‖f(y)−f(z)‖ : y, z ∈ [a, b]∧|y−x| < δ∧|z−x| < δ}. (9)

For any ε > 0 we define:
D(f, ε) = {x ∈ [a, b] : osc(f, x) ≥ ε}. (10)

We also put:
D(f) = {x ∈ [a, b] : f is discontinuous at x}. (11)

Exercise 7. (optional) We consider a map f : [a, b]→ X.
(i) Show that, for any x ∈ [a, b], f is continuous at x if and only if osc(f, x) = 0.
(ii) Let v : [a, b]→ R be a step-function with values in R+. Let ξ be a subdivision
with n ∈ N∗ intervals, which is compatible with v. For i ∈ [[0, n− 1]], we let vi
denote the value taken by v on the interval ]ξi, ξi+1[. Fix α > 0. Define:

J = {i ∈ [[0, n− 1]] : vi ≥ α}. (12)
Check that: ∑

i∈J
(ξi+1 − ξi) ≤

Iv
α
. (13)

(iii) Suppose that f is Riemann-integrable. Show that for any ε > 0 and δ > 0
there exists a finite family of intervals (Ii)i∈J such that:

D(f, ε) ⊆ ∪i∈JIi, (14)
and: ∑

i∈J
|Ii| < δ. (15)

(iv) Suppose that f is Riemann-integrable. Check that:
D(f) = ∪n∈N∗D(f, 1/n), (16)

and deduce that D(f) is negligible.
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