
ALTERNATIVE
DEFINITIONS

OF

CONTINUITY



Continuity is no important that it's useful to have

several (equivalent) definition of it .



Definition

Let (X ,
dx) and (Y, dy) be metric graces .

A function f : X - Y is continuous if for all Go

there is home or> 0 much that

dfflxl , Hyde E when
ye
X is such that dxkykor .



Definition

A function f : X- Y is continuousatxel if for

every E
> o there is none of > 0 such that

fly) E Byfflx) ; E) for every ye Bxk ; r)



Definitions

A function f : X- Y is continuousat if for

every E
> o there is none of > 0 such that

f-(Bxlx ;D) E Byfflxl ; E)



A neighborhood of a point x ex is a net U e X

for which
there is rome r > 0 much that Bk ; r) e U .

(NO : omega )

Bk;D U

Node : . BK ; r) is a neighborhood of ×
• A net U is open iff it is a neighborhood
of all of its members .



Definition't

Let IX. dx) and H,
dy) be metric graces

and let f :X - Y
.

Then TFAE :

lil f- is continuous

Iii) For every x
E X and nbd .

V of f- Cx)
,

there is

a nbd
.

U of x no
that flu ) e V .
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Definition't

Let IX. dx) and H,
dy) be metric graces

and let f :X - Y
.

Then TFAE :

lil f- is continuous

Iii) For every x
E X and nbd .

V of f- Cx)
,

there is

a nbd
.

U of x no
that flu ) e V .

Recall TFA E :

-
:

( it f is continuous

Iii ) for every x E X and E > 0 there is rome or so

much that HBK ;D) e Bffklie)



filthily : Let E > O .

Then V=BfHx) , E) is a nbd
. of Hx ) ,

no there is rome nbd .

U of x no that

flu ) E Bfflx) ; E) .

Let d > 0 be such
that Blx ;D e U

.
Then

f- (Bk ; 8D E flu) E Bff
Ix ) ; c) .

V -- BIHx ) ; E )

qno,X

HBK ;s))



(ii)⇐Ci : Let × EX and let V be a nbd
. of Hx ) .

Let E > o be much that

Blflx ) ; c) E V
.

There is rome or > 0 such that

f- ( Bk ; er )) E BIH x ) ; c ) .

If U -- BK ; o ) then also flu ) E Bfffxl ; c) E V .

!!ki.IBlHHie
)

flu)
ga



Definitions

Let IX. dx) and H,
dy) be metric graces

and let f :X - Y
.

Then TFAE :

lil f- is continuous

Iii) if VE Y is open
then f- ' IV ) is open .

liii) if FEY is closed then f-
' ' FF) is closed

.

Continuous functions are those whose inverse image

preserves openness
blondness

.



Let IX. dx) and H,
dy) be metric graces

and let f :X - Y
.

Then TFAE :

lil f- is continuous

Iii) if VE Y is open
then f- ' IV ) is open .

(iii) if FEY is closed then f-
' ' FF) is closed

.

(i) : Let VE Y be open . If f- '

(VI = 0 then we are done
.

Otherwise
,

let x E f
- ' (V )

.

Then V is a nbd . of Hx) , no

there is a nbd .
U of x such that flu) E V .

Then also VE f
- ' (V )

.

Last
,
let r > 0 be such that

BK ; r ) EU .

Then also Bk ; r) E f
- '

( V )
,
no f-

'Nt is open .



Let IX. dx) and Hidy) be metric graces
and let f :X - Y

.

Then TFAE :

lil f- is continuous

Iii) if VE Y is open
then f- ' IV ) is open .

(iii) if FEY is closed then f-
' ' FF) is closed

.

litem : Let xe X ,
let C > 0

,

let V= Blflx ) ; c ) .
Then

f- ' (v) is
open ,

and xe f-
'

(V )
,

no there is none of> o

no
that Bk ; 8) E f

- ' ( V)
.

Then also

f- (Blair)) E f- ( f - ' ( v)) E V -

- Blflx ) ; E ) .



Let IX. dx) and H,
dy) be metric graces

and let f :X - Y
.

Then TFAE :

lil f- is continuous

Iii) if VE Y is open
then f- ' IV ) is open .

(iii) if FEY is closed then f-
' ' FF) is closed

.

Iii) ⇒ ( iii) . Let FEY
.

Then :

-

F is closed ⇐ Fc is open
⇒ f-

' ' Ifc ) is open
⇐ f

- '

FF)
'

is
open (as f- ' IFC) = f-' ft) ')

⇒ f- ' ft) is closed
.

Ba



Example :
Let f : Re IR be continuous .

Show that

A- = { x : f- (x) > o }

is open
.

We can write A = f- ' ( lo , ad) .

The ret lo ,
o) is open ,

no A must be open .



QUESTIONS ?

COMMENTS ?


