
THE BANACH
FIXED POINT

THEOREM



Much of mathematics boils down to solving
equations - to reformulate your problem into :

find I much that f E) =y .

• We do this by finding approximations x.
, xz , . . . . no that

" f (xn ) x y
"

or fkn )F Y (consistency)
• It might be possible to

prove
that kink is Cauchy .

. If (X ,
d ) is complete then link converges

to some I

• If f is continuous then I solves
the equation :

f- E) = f fling
.

Xn) -- lying f (xn ) = y .



• Let (X ,
d ) be a metric space

• Let f : X - X be a function
• We wish to solve the equation x = fix )

x EX in a fviedpoint for f if x -- Hx )

strategy : Fuedpoint#ahon (No : fikrpunktikrayon)
i

• Let Xo E X :

• Let × ,

-

- Hxo) • Let xnt,
= flxn )

?

• Let xz = f- (x , ) :

:
:

: :



Let IX. d) be a metric space .

A function f : X
- X

is a contraction if there is rome ke coil ) such that

dffkl , fly )) E Kh 'd lay) t my EX .

•

Y

•

Hx )

; f-
•

fly )

Exercise : Every contraction is continuous
.



Banach 's fixed point theorem-
Let (X ,

d) be a complete metric space
and f : X - X

a contraction .

Then f has a unique fixed point I .

Moreover , if Xo E X and Xnt ,
= fkn) (n -- O , 1,2, . . .

. ) then

Xn⇐ I .



Banach 's fixed point theorem-
Let (X ,

d) be a complete metric space
and f : X - X

a contraction .

Then f has a unique fried point I .

Moreover , if Xo E X and Xnt ,
= flxn) (n -- O , 1,2, . . .

. ) then

Xn⇐ I .

Proof : • Chain : {xn3n is Cauchy . Indeed
,

d Kun
,
xn) = dftlxn) , fkn - it) E kdlxn , xn - i) E . -

- -
- E kndlx . , xo)

.

If , ray ,
m > n

then

dlxm
,
xn) s find Ken , xe) E Ei

'

ke dlx.no/--dlxi,xoeIi
'

ke

s d la , xo) ⇐ ke = dlx.no/,kIp



Thus , if n
,
m z N then

dlxm
,
xn ) sdlx , ,xo)kIf e dlx.no ) ,k÷ .

The latter goes
to zero as N - *

,
no skin is Cauchy .

• Claim : xn I
,
a fried point for f .

Since Kid) is complete , Huh is convergent , no

XuII for rome I E X .

Then

I = ling Xu = thing. Xun
= tiny fkn ) = f- ftp.xn/=fIx)

.



• Claim : I is the unique fixed point .

Let I be another fixed point .

Then

dk , E) =D HIM , THD s k DE , E ) .

Since Kal ,
we must have dk , I )

-

- O
,
no I = I

.

Ba



QUESTIONS ?

COMMENTS ?


