
COMPACTNESS
II



A metric space
(X

,
d ) is compact if every requena {xn fu

has a convergent subsequence {Xncn , 3h .

Recall : Finite nets are compact .

But the opposite is not true !

We would like to characterize the compact nets .



If Ke X is compact then it is closed and bounded

Proof : . K is closed : Let kin In be a sequence
in K

converging to xe X .

K is compact , no there is a rubseguence Knin, 3h

converging
to rome yet .

But then { Xun 3h converges
to x and y ,

no x=y
EK

.



If Kell is compact then it is closed and bounded

Proof : . K is bounded : Assume not
.

Fix I c- X
.

Then for
every n t IN ,

there is home xn e k with

dlxn
,
I ) z n .

Let fxnin, 3h be a convergent subsequence
of { xn In .

Then

nlk) s d knew
,
E)⇒ dlx

,e)€
↳ •

* ga



• Thus
, compact ⇒ closed

,
bounded

.

• The opposite might not
be true !



Let X -- pin ,
d lay ) -- Hx -y

"
.
Let K E R"

.

Then :

K is compact ⇐ K is closed and bounded

Proof : We have already shown
"

⇒
"

.

Let k be closed
,
bounded

.

Let {xn3n be a reguence
in K

.

Then {xn3n is

bounded
,
no by Bolzano - Weierstrass ,

there is a

subsequence {Xmm}h and rome x EIR
"

s . t . Xun ,# X
.

But Kun, In is a sequence
in K

,
which is closed

,

no x E K .

Hence
,

K is compact . Ba





Let IX. dx ) and (Y
,
dy ) be metric graces and

f :X→Y continuous
.

If Ke X is compact then HK ) is compact .

Proof : Let {yuh be a reguence
in HK )

.

Let xn C- K best .

fkn) - yn ,
tf n C- IN

.

Let fxncn, 3h be a mdseguencen.li .
Xun ,# X E K

.

f- is continuous
,
no yuh,

= f- Knin )- Hx) effk!k -a

Ba



Note :
• Continuity is essential ! If ftp.fyx *oO X = O

KER) then HEI , D ) is unbounded
,

hence noncompact .

• Not true for inverse images ! If fktrinx

KEIR) then f- ' ( ft , D) = IR , which is noncompact .



Extremal value theorem

hetland f :X → IR continuous
.

Then f attains a maximum and a minimum
.

Proof : thx) e IR is compact ,
no it is closed and

bounded
.

Hence
,
both inf IHH ) and sup HIX)

lie in HH
.

Thus
,

there are a ,
te X ro that

flat -- if IHN) and HH -- rap
IHXH

.

Hence
,

f- (a) E thx) E HH tf x E X
.
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QUESTIONS ?

COMMENTS ?


