
COMPACTNESS
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Since compactness is difficult to check
,
we would

like a simpler characterization of compact
nets

.

Recall :
• Compact ⇒

closed
,
bounded

• Compact ⇐ finite



Let IX. d) be a metric space .

A net K E X is totallyboumded if for every E > o, there

are finitely many points x. , . . . , xn e k
ruck that

K E B ki ; E )

K

o
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Every totally bounded ret is bounded

K



Every compact net is totally bounded

Proof : Amine K E X is compact but not totally bounded
.

Then 7 Eso mich that K F Bhi
; e ) for any

choice of Xi
,
. . .

,
Xu e k .

Pick any x ,
E K

.

Then K ¥ Bla ; E ) , no there is some

×, e k l BK , ; E) . Iteratively , given x. , . . . , xn , pick any
n

Ann E K I Blxi ; e ) .

Note that dlxn ,
Xm ) Z E for any n #m .

Then {xn 3new is a negaunee
in K

,
no it has a convergent

rubseguence , Xncn ,⇐ x e k
.

But then

E E d (Xmm, Xna,) E d kn# x) t d Ix , Xna) Fa
O G



Let (X
,
d) be complete and ke X

.
Then

K is compact ⇐ K is closed and totally bounded .

Proof .

.

We will use the same idea as in the

Bolzano - Weierstrass theorem .



The Bolzano - Weierstrass theorem-
If {ah is a bounded

sequence
in R

"

then it

has a convergent subsequence : Xun,- X
,

k- a
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Xntsl
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Let IX. d) be complete and ke X
.
Then

K is compact ⇐ K is closed and totally bounded .

: Let {* 3N be a uguence
in K

. Letting E - Ye
,
there

are Yi , . . . , ym
E K meh that

gg
ke Blyii 'D i.

At least one of the balls

Bly , ;k) , . . . .

,
Blymilk ) contains infinitely many of

the elements x
, ,
xa
,

.
. . .

.

Let n
,
111
, h ,

121
,
n

,
13 )
, . . . .

C- IN be

the indices of those elements .

Note : dlxn.in
, xn.by/slV-iij .



Next
, telling E -- Yy , there are z

, , . . . .

,
za E K such that

Ke ¥ Blzi ; 44 ) .

At least one of the balls

Blzi ;
'ki) , . . . , Bka ;

'ki) contains infinitely many of the

elements xn.us , Xmm ,
. . . .

Let hall )
,
nah )

,
. . . .

be the

indices of those elements .

Note : dlxn.ci , , Xna; , ) e th t i,j .



In this way ,
we pick out nut - rat - rut

. - - -

- subsequences

satisfying dlxnp.ci , ,Xnnµ ) # ki; and hence also

dlxnniihxneg.sk#eiV-iij-Vk,l
I 2 3 . .

-

-

hill ) nik ) n ,
13 ) - - -

hall ) nah ) Nz 13 ) . - -

Mll ) Nz 12) Nz 13 ) - - - -

i

:

i

:
i
.

Now let nlk) -- nahh
.



Now let HH -

- nrlk)
.

Then dlxnin , , Xna ,) < 2¥ V-k.HN

no {Xmm Ikea is Cauchy ! Hence
, Xncn ,Exe X .

Since {Xna, }hear lies in
K
,
and K is closed

, we have × c-K
.

It follows that K is compact .

Bk



Separability

A repairable grace is
" almost countable

"

.

Compact nets are reparable .



Recall : A net D is countable if we can make a list of
its contents D= {d.

,
d
. .dz

,
.
. .
.
. }

Let (X
,
d ) be a metric space

and let A E B E X
.

The net A is dense in B if for all x e- B and E so

there is rome y c- A much that delay) a E .

Examples : . Any net is dense in itself
• Q1 is dense in IR

• I = IRI Q1 is dense in K

• IQ
"
is dense in R

"



Let IX. d) be a metric grace . A ret B e X is repairable
if there exists a dense

,

countable ret DE B

Examples :

• IR is reparable
• Any subset of R is reparable
• If Bi , Bz , . . . . . are reparable , then no is Bi

• l " HR) is reparable for all pea , but not for p = a
.



Every compact net is reparable .

Proof : let K EX be compact .

Then it is totally bounded
are Nn K• for any new think
no ÷!points Xi

, . . .
. ,

Xnn
.

that ke
i

Bhi ; ht .

Let D= { Xi , . . . . , Xiv . ,
Xi
, .

- n

, H ,
x ?

,
. .
. .}

.

Then D is countable
,
and if xek , E> o then letting

n > I there is rome xi ED with dlx
,
xin ) - f s E

.

Bea



QUESTIONS ?
COMMENTS ?


