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A metric space
(X

,
d ) is compact if every reference {xn3n

has a convergent subsequence {Xncn , 3h .

Let (X
,
d) be complete and ke X

.
Then

K is compact ⇐ K is closed and totally bounded .



Let IX. d) be a metric space .

A net K E X is totallyboumded if for every E > o, there

are finitely many points x. , . . . , xn e k
ruck that

K E B ki ; E )

K



Opencacrings
Let (X ,

d) be a metric space
and let K E X

.

An opencoveningofK_ is a family of open
nets 7

satisfying KE U O
OEF

Examples :
. {X } in an open covering of any K E X

• { fztn , t) : ne IN } is an open covering of lo , i)

• { Bk ; E) : x e k } is an open covering of K ,
for any E > o

.



A ret ke X has the opencoveringp-ophy if for
any open covering 7 of K ,

there exist Q
,
. .
. .

,
one tf

meh that { Q
, .
. . .

,
On} is an

open covering of K .



theorem : A net KEX is compact off it has the open covering properly .

Pnofof" : If {xn3n is a sequence
with a convergent

subsequence ,
then there must be a point x e k much that

BK ; r ) contains infinitely many elements of kin In
,

no matter what r > o
is

. (x is a duskrpoint
for { xn3n . )

K



Assume k is not compact . Then there is
'

a reference fxn3n

in K without convergent subsequences .

In particular,
he point x Ek is a cluster point for six 3N .

Thus
, for every X E K there is rome r, so much

that BK ; rx ) contains only finitely many of { xn In
.

The family { Bk ; rx ) : x E K } is an open covering of K ,
no there are Xi

,
. . . .

,
x
n
e k mich that

K E Blxiirxi )
.

But each Blxiirxil , hence also Blxiirxi) contains only finitely
many

elements of six }
n tf Ba



For the converse ,
we need :

Lemmy : Let KEX be a whet and let 7 be an open

covering of K .
Let

f- (x) = nip { r> O
: Bk ; r) E O for some OE F }

.

Then f is continuous and Hx) > o f x E K .

Proof .

.

For every x e k there is some OEG with

x e O ,
and O is

open ,
no Blx; r) E O for some r , o .

Hence
,

Hx) Z r > O .

We claim that f is Lipschitz continuous .

.

IHH - fly) l E delay) t aye K .



If both fix) and fly) are E dlxiy ) then HH -Hylledlx, y ) .

If , ray ,
fix) is bigger than both fly ) and dlxy ) then

for any r
> 0 with dlxiykr < Hx ) there in

rome
OE tf with Bk ; r ) e O .

Then also Bly ; r - dlxiy)) E Blx ; r )
E O

,
no

r

fly) z r
- dlxiy) .

•

x

dlxiy)

since this is true for any refix ) , we can
I

let r- HH
to get

fly) > flxl - Hay) ⇒ HH - Hy) Is dlx.gl .
•



theorem : A net KEX is compact off it has the open covering properly .

Proofof : Let tf be an open covering of K and

let f-Kk nip { r > o
: Bk

;
r ) e o for rome 0 C- 73

.

By the extremal value
theorem

,

there is home I e k

where Os HF ) E f Ix )
f x E K

.

Let r =
t#1/2

.

For every x E K ,
there is rome OE tf

mich that Blx ; r )
E O

.

Since K is totally bounded
,
there are x.

,
. . .

, xn
E K s .

t
.

Ke Blxi ; r ) .

If Oi t tf contains Xi then

K E Blxi ; r) E ¥
,

Oi
. Ba



QUESTIONS ?

COMMENTS ?


