
COMPLETION
OF A

METRIC SPACE



Let lX ,
d) be an incomplete metric space .

Can we complete (X ,
d) - add elements to make it complete ?

Example :
R is a completion of Q

Q
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(X ,
d)

" add elements
"

- (Iid)

Wishlist
-

:

• (Iid) in complete
• X EE (X can be embedded in K )

• dlxiyl -- d- lay) t aye- X (d and d- are compatible)
• X is dense in I (we are not adding too

many elements)

such a metric space
(Kid) is a completion of IX. d)



Completions are unique ( if thy Kist ) - up
to isometries

.

An isometry is a
"

relabeling
"

of elements which leaves the

metric intact .

For instance ,

the following mean
the name :

• R2

• the rguare
roof of 2

• the positive solution of
x2=2



Mainidea : Identify each XEX with all reguences
six 3h

in X much that xn x

• Given fxn3n
,
we can find x = knife Xu

• Given x
,
we can find all uguences Exit it . Xanax .

This:
×→ I = flak in X : xn Fox } .

Note : If fake I then signhee iff dlxn
, yn )Tf

O
.



x a- I
= { link in X : Xu x }

.

Note : If fake I then signhee iff d kn
, yn )Tf

0

Define Axn3D = { {yuh in X : dlxn , yn)F O
.}

(" the equivalence dam
"

of kik)

But there are lots of sequences in
X that seemto

converge (are Cauchy) ,

but don't (as IX. d) is incomplete ) .

We can still define their equivalence
class Axn }n ] !



Let IT = { flank] : { xn3n is a Cauchy sequence
in X }

d- (Cknw , Ayn3rd) = figg dlxniynl .

(Kid) is a complete metric space

d- lag) -- d lay) t aye X

Proof : If annex , gunnery
then III.5) = bin d kn

. yn)
-

- d lay) .

B

(X ,
d) is dense in (kid)

Proof : Given Gain) c-I
,
let x -- xn (NEIN) .

Then

TIGHT ,
I ) -- figg dlxn , xn )

0
.

Ba



Every metric grace has a completion .

The completion is unique
lup

to isometry)



But what does this mean ?

• If X -- Q then IT is a net of nets of
sequences ,

not the net of numbers R !

• In the end
,

it does not matter what a

mathematical object
" is

"

, only what

we can do with it
-

• In QT we can define exactly the name operations
as in IR

.



QUESTIONS
?

COMMENTS ?


