
MODES OF

CONTINUITY



Let IX. dx) and H
, dy) be metric

graces .

A function f
: X → Y is

- continuous if t E > 0 I 8>0 much that

dyfflxl , fly1) a E t y
EX with dxlx.gl e or

- continuous if it is continuous
at all x e X

- uniformlyconh-nuous-if.VE > 0 78>0 much that

dyfflxl , Hylk E
V my EX with dxlx.gl e or

- ljwehilyconbinuous-ifzc.ro such
that

dy HH , Hyl) s C dxlxiy) t aye X



Denote

( (X ,
Y ) -- f all continuous functions f : X- Y } .

( (X) = C (X ,
IR)



Lipschitz continuity
⇒ uniform continuity ⇒ continuity

Proof : Exercise !

The opposites are not always true .



If f : A - IR IA ER) satisfies It '

Ix ) Is M t x EA
,
then

f- is Lipschitz with constant
M

.

Proof .

.
Ifk) - Hy) I = If

' 13111 x -yl E MIX -

y l tf x. y EA .

Ba

tf f :[air]
- IR is continuously differentiable , then

it is Lipschitz .

Proof : f
'
: Cair) - IR is continuous and Cait] is compact,

no there in some M > O w that H'KHEM Axe fail
.

⑧



Example : f : RMR ,
Hxkx

'
is continuous

,
but not

uniformly continuous .

If E > 0
, x.ye R , Kyles then

IHH - Hyll -- Ix
'
-y4= lxtytlx -yl EE

tf , ray , Ix -yl - E then tfkl-flyll-Elxtyl.ro if
X
, y Z Eg then

HKI-tlyllZE.LI - Ef E .



Example : f : Co , D - IR , f- Ix) -- F is uniformly continuous ,
but not Lipschitz

• f is differentiable ,
but f

'

Ix ) - Trx is not founded !

O

÷



Example : f :[QB → IR , Hx) -- F is uniformly continuous ,
but not Lipschitz

• f is differentiable ,
but f

'

Ix ) - Trx is not founded !

Let 8=5/2 , let my ECQD , K
-

y Kor . o

(a) If x.ya EZ then
OHH

, fly) - E, (no IHH - Hy) l a E e .

(b) If , ray , xz E
' then Eir

y
> E-E. % .

We get, for none 5 , 4%2
'

i
k

HH - tlylt-ztrek-ylszminix.gs < Terzi E --# < E
.

→ f is unit . continuous



Example : f : Co , D - IR , f- Ix) -- F is uniformly continuous ,
but not Lipschitz

• f is not Lipschitz : if x
-

- o and y
> o then

HY.IT#--lYojTt-- try
which cannot be bounded by a single constant C - O

.



Let f : X - Y be continuous and IX. dx ) compact .

Then f is uniformly continuous .

Proof .

.

Let C > 0
,
and for each xe X ,

let 8×70 be s
-

t
.

dyltlxl , Hy ) ) c E when dxlx ,g) a E .

Then {Bk ; %) : x EX } is an open covering of X ,

no
there are Xi , . . . . ,xn EX such that X

X -- ¥
,

Blxi; Aik ) '①



Let f : X - Y be continuous and IX. dx ) compact .

Then f is uniformly continuous .

Proof¥ :

X -- ¥
,

Blxi; Aik )
Let F- min { Exit : i

-

- I
,
. . .

,
n }

.

Let my EX with

dxlxiykdi There is rome I elk . -in 3 rt .

XEBIXI ; Az ) .

Then dxlxe.ykdxlxe.xltdlx.gl < 8¥ .

Hence :

dylflxhflylkdyftlxhHXIDtdyltlx.at , fly 'D
< Et E # 2e

. ①
Ba



QUESTIONS ?

COMMENTS ?


