
MODES OF
CONVERGENCE



let Kidd and Hidy) be metric
graces .

Let { then be a reguence of functions fn : X- Y

and f : X Y another function .
We say that

• ftnhcouvergestof-pomtwiseifV-E.ro and x c- X

F NEIN such that dyftnlxl , Hx)) s E t n IN
.

We write finw f pointwise .

• ffnhconvergestotuniformly-ifV-E.sc I NEIN
such that dyftnlxl.HN/sEV-nZN and all x EX

.

We write th Ft uniformly .



Uniform convergence
⇒ pointwise convergence



Let ffn3n be a sequence of functions fu :X- Y,
and

let f : X - Y .

Then TFA E :

lil fu- f pointwise
ht &

Iii) fnlx) # f- Ix) for every x E X
.



For fig : X- Y
, define the

rupremumn-rehicplfigl-nf.ggdy HH , glxl )

(Also denoted d. High , Ht -g ". or Hf -GIL. . )



Let ffn3n be a sequence of functions fu :X- Y,
and

let f : X - Y .

Then TFAE :

lil tuff uniformly
Iii) pffn ,

t )- O
herd

Proof : ( i) ⇐ V E > o 3- NEIN : dyftnlxl.HN/EEV-nZN,V-xeX

⇒ tf E >OF NEIN : s¥p× dy ( fuk) ,
Hx)) EE FNZN

⇒ tf E >OF NEIN : p Hn , f) E E F n IN

⇒ pltnif )- O
her @

'
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Example : Let fn
,
f : RMR

,
fkl=x2

,
fnlxt-m.in/n,x2)

.

Show that fu If pointwise ,
but not uniformly

0¥:*:#" '

Em:*
no fuk) f- (x)

.

Neet
,

pffn ,
f) = ftp.lfnlxl-flxl/ ,

= yfhlminln.li/-xY-- a
¥ 0

,
no tn # t uniformly .



Let ftn3n be a sequence of continuous functions fu :X- Y,
and assume fnF t uniformly for rome f : X- ×

Then f in continuous
.

Proof : Let xe X and E- O
.

HI
. . . . .

?
-
-

±! )

Let NEIN be much that

pltn ,
Ha E t n >N

. FIX) fu ;)
Let 8>0 be such that

dyH*H , f*lyDcE t y mich that dxlx.gl - or . Then

dyfflxl.flydsdyltlxl.tw/xDtdyHuxlxhtinvlyDtdyHxvlyl,HyDs3E .
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Let ftn3n be a sequence of uniformly continuous functions

tri- X- Y
,
and assume fnF t uniformly for rome

f : X- X
.
Then f is uniformly continuous

.



Tommmarize :

• fnn=g t pointwise ⇐ fuk)#
thx) t x c- X

• fu uniformly ⇒ plfn ,
f)Too

• the uniform limit of continuous functions
is continuous

• the uniform limit of Fifty-one functions
is unifomlyconhiwous_ .



QUESTIONS ?

COMMENTS ?


