
INTEGRATING
SEQUENCES OF

FUNCTIONS



Let {fuk be a convergent reguence of functions
fu : Cair)- R .

Is lining
.
fatfnltldt -- fatling. fnltldt ?

Is things # tnk) -- * (king tnlxl) ?



OEXE I

Example : Let f. Ix ) -- fix I < × ez fuk ) - nffnx)

for xe z]
.

° else
,

Then fn IO pointwise :

n
't

• If x E O then fuk) -- O kn

• If × > o then fuk) - o V n > ¥ I - f
,

But I lax

2 2 In Fn i 2

lying fofnltldt = I t fouling fnltldt -

- O
.



Let fn : Ca ,
t)- IR be continuous tf n EIN and assume

tn # t uniformly .

Let Fnlxtfafnltldt , Axl Htldt
.

Then Fn F F uniformly .

In other words : things fitnltldt -- J! lining.tn Htt .

Proof : Let E > O and let NEIN be ruck that pffn.tk E
when n Z N .

Then

# KI - FKH lfitnltl - Htt dtl c- fitfully - Htt Idt
E fax pffn ,

Hdt = (x - a) pffnif ) Elt-a) E .

Baa



Corollary
Let fn : Ca ,

t)- IR be continuous t n EIN and assume

f-n# t uniformly .

Let Fnlx) = Ifn Hdt , Flxl -- IHtldt
Xo

Xo

for some xoe fair] . Then
Fn F F uniformly .



The functions tn must be defined on a closed
,
bounded interval !

OEXE I f (Mn )
Example : Let f. Ix ) -- {E-× I < × ez

fuk )=p .

for x eco ,
o)

.

0 else
,

Then finna 0 uniformly , since o

plfn ,
O) -- Yn F O

,
i -

but
kn -

thing. I!fnk)dx= It ! lningfnlxldx - O , , .

↳ To
2 2h



Senisoffunchom
v. , Va , . . -

:[a ,
b] - IR

,
what do we mean byGiven

⇐mix ?

Recall : If a , az , . .
.

.

are numbers then we say that the

series ⇐ an converge if the partial rums

s
.

-

- E. an converge as
N- a.



Let (X , d) be a metric space .

Let A EX and let {rn 3near be a reference of
functions rn : AYR .

We say
that the series Eon

• convergespoin-hviseif.fr every x EA ,
the

partial mums Sn K) = ⇐vnlx) converge
as N- a

.

• convergesuniformly if the partial sums su

converge uniformly as
Neera

.



Weierstrassltttesttfssumethat there are numbers Mn 20 such that

• lvnlx) IE Mn t x c- A

• ⇐ Mn C
.

Then Earn converges uniformly .

Proof .. Let xe A .

Then ⇐ lvnlxll E ⇐ Mn so
,
no the

series ⇐ Vuk) converges absolutely .

Hence
,
the reins

converges ;
let s k) = Cn! Vuk) .

Now
,
tf x EA

,

I E.ii. vnlx) - sky ⇐ Em
.

!vnkH ' Em
.

.MN TEO .

Ba



Let rn :[air] - IR
be continuous t n e- IN and assume

⇐ Vn converges uniformly - Let Vnlxl -- {vnltldt . Then

the reins ⇐ Vu converges uniformly ,
and

⇐ Vnlxl -- ja vnltldt V x c- laid
.

Prof : Let snlx ) = ⇐ Vnlx ) .

Then { sin converges uniformly ,
no by our

earlier result ,

II. vnltldt -

- taking.sn Htt -

- fkn
.
IsntHdt - lying

.
fivnltldt .

Ba



QUESTIONS ?

COMMENTS ?

Neetvideo : Differentiating sequencestunes of functions


