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Submission deadline

Thursday 7 May 2026 at 14:30 in Canvas (canvas.uio.no).

Instructions

You can choose between writing in English or Norwegian. Use the Norwegian—
English mathematical dictionary to look up terms.

You can choose between scanning handwritten notes or writing the solution
directly on a computer with BTEX. The assignment must be submitted as
a single PDF file. Scanned pages must be clearly legible; please use either
the “Color” or “Grayscale” settings. The submission must contain your name,
course and assignment number.

It is expected that you give a clear presentation with all necessary explanations.
Remember to include all relevant plots and figures.

Note that you have one attempt to pass the assignment. This means that
there are no second attempts. All aids, including collaboration, are allowed,
but the submission must be written by you and reflect your understanding of
the subject. If we doubt that you have understood the content you have handed
in, we may request that you give an oral account.

Application for postponed delivery

Read the department’s guidelines for mandatory assignments for more informa-
tion.


https://canvas.uio.no
https://www.uio.no/studier/emner/matnat/math/MAT2400/data/norsk-engelsk-ordliste.html
https://www.uio.no/studier/emner/matnat/math/MAT2400/data/norsk-engelsk-ordliste.html
https://www.uio.no/english/studies/examinations/compulsory-activities/mn-math-mandatory.html

IMPORTANT:

In order to get this mandatory assignment approved, all you need to do
is to submit a PDF file in Canvas. It’s up to you how many problems
you submit. You will receive feedback on everything that you do submit.

You will find a list of relevant definitions on p. 8, and a list of hints on p. 9.

Problem 1. We will prove the following statement:
Every separable Hilbert space H has an orthonormal basis.
(a) Let D = {uy,ua,...} be a dense subset of H (why does such a set exist?).

Show that there is a subset D’ C D with elements D’ = {v1,vs,...}, where
(v1,v2,...) is linearly independent and span(vy,vs,...) is dense in H.

(b) Apply the Gram—Schmidt orthogonalisation procedure to the list (v1,va,...).
Explain why the resulting list (e, e2,...) is orthonormal and its span is dense
in H.

(c) Prove that (e1,ea,...) is an orthonormal basis for H.

Solution:

(a) Let n; € N be the smallest index for which w,,, is nonzero. Let ny > ny
be the smallest index for which the list (wy,,u,,) is linearly independent.
Continue in this way, so that after k steps, the list (tp,, ..., Uy, ) is linearly
independent and has the same span as (uj,usg,...,uy,, ). Finally, denote
Vg = Up, for k € N. Then (v, vs,...) is linearly independent and has the
same span as (ug,us,...); in particular, the span contains D. The result
now follows.

(b) After n € N steps, the Gram—Schmidt procedure will have produced
an orthonormal list (ey,...,e,) whose span equals that of (vy,...,v,). It
follows that the span of the final list (eg)ren equals that of (vg)ken, which
is dense in H.

(c) Let u € H. We claim that u =Y, (u, eg)ex.
For N € N, denote Hy := span(ey,...,en), and let Py: H — Hy
denote the orthogonal projection from H onto Hpy. We know that

N

Pyu = Z(u, €k) ek,

k=1

and that Pyu is the element in Hx that lies closest to u.
Since E = span(ey)ken is dense in H, there is for every n € N some
u, € E such that ||u—uy,| < 1/n. Let N, be such that u,, € Hy, for each
n € N. Then
lw = Pr,ull < flu—uall < 1/n,




so Py u — uw as n — oo. Since H; C Hy C ---, we have ||u — Piu|| >
|lu— Pou| > ---, proving that Pyu — u as k — oo. By the explicit formula
of Py, we conclude that u =Y 7- , (u, ex)ey.

Finally, we claim that the coefficients (u, e;) are unique. To this end,
assume that u can be written as a convergent series u = Y~ | Brei. Using
continuity of the inner product to pull the series out from the inner product,
we get for any n € N

(U, €n) = (X pey Brek, en) = Y Brlex, en) = P
k=1

Hence, 8, = (u, e,) for all n, proving our claim.

Problem 2. We will prove the Riesz Representation Theorem:

If H is a Hilbert space over R and T' € L(H,R), then there exists a
unique vector v € H such that Tu = (u, v) for all u € H.

(The same is true for Hilbert spaces over C.) We will assume that H is separable,
so that it has an orthonormal basis (e)gen-

(a) Show that there is some C > 0 such that

0o 1/2
Tu| < C(Z [(u, 6k>2> VueH. (1)
k=1

(b) Define ay, := Te, for k € N. Show that

n n /2
Z|ak\2 <C<Z |Oék|2> VneN. (2)
k=1 k=1

Conclude that a = (a1, as,...) € £2(R) and that ||a/|= < C.

(c) Show that the series v := >~ aye) converges, and that

Tu = (u, v) VueH.

Solution:

1/2

/
(a) Parseval’s identity yields |lul| = (22021 |{u, ek>|2) for all w € H.
Thus,

e} 1/2
ITul < Cllul = (3 Ifw, en)l?) "

k=1




(b) For some n € N, let v,, == >_;_, ayer. Then

Tv, = T(Zzzl akek) = ZakTek = Z |ou|?.
k=1 k=1

Combining this with the previous problem yields (2). Dividing by (ZZ:1 v |3

on both sides yields
n Y2
<Z |ak|2> <C
k=1

for any n € N. Letting n — oo yields

0o 12
llatllez = (Zlak2> <G,

k=1

so that a € /2(R).

(c) For every n,m € N we have (assuming that, say, m < n)

n oo
lon —vmllze = Y loxl < > ol
k=m+1 k=m+1

Since Y32, |ak|? < oo, there is for every ¢ > 0 some N € N such that
ey lak]? <e. Ifn,m > N then we can conclude that ||v, — vy, [l < VE.
Hence, (v, )nen is Cauchy, and since H is complete, the sequence converges.
Hence, the series v converges.

Let ue H. If u, ==Y ,_,(u, ex)ey then u, — u as n — oo, and

n n
Tun:Zu er)Tey, Zuek
k=1
= <U'a ZkZI Oékek> <U;, Un>
Passing n — oo and using the continuity of 7' and of (u, -), we get
Tu = lim Tu, = lim (u, v,) = (u, v),
n—oo n—oo

which is what we wanted.
Finally, we prove that v is unique. If there is another w € H such that
Tu = (u, w) for all uw € H, then for all u € H

0=Tu—Tu= (u, v) — (u, w) = (u, v — w),

and setting u = v — w gives ||v — w||? = 0, whence v = w.

Problem 3. Let X be a set and let S := {{z} : # € X'} (the set of singletons

in X). Let A :=o(S) be the o-algebra generated by S.

N~—

1/2



(a) Show that
A= {E CX:For E°is countable}.

(Here, E¢ :== X \ E, and by “countable” we mean either finite or countably
infinite.)

(b) Assume that X is uncountable. Show that there exists a set £ C X which
is not measurable with respect to A.

Solution:

(a) Denote B := {E C X : E or E° is countable}. By taking unions of
sets in S, we can obtain any countable set £ C X, and by taking their
complement, any set whose complement is countable. This proves that
A D B. It remains to prove that B is a o-algebra. This will imply that
A C B, because A is the smallest o-algebra containing S.

The set () is countable, and hence in B. It is also clear that if E € B,
then E€ € B. Finally, let Eq, Es,... € B. If all of these sets are countable,
then their union is countable, and therefore in B. If at least one of the sets
is uncountable, let I C N be the indices of those sets that are countable,
so that Ej, is countable for all k£ € I, and Ej, is countable for all £ € N\ I.
Then

UEk:UEkU U Ek:<ﬂE,§ﬂ ﬂ E,ﬁ)c.

keN kel keN\I kel keN\I

=F

The set F' is countable, since it is the intersection between at least one
countable set and other sets; hence, the above is the complement of a
countable set, and therefore lies in B. This proves the claim.

(b) Let E C X be a set such that neither E nor E€ is countable. Then F
clearly does not lie in A, and hence is not measurable.

To see that such a set E exists requires some basic set theory, but here
is a sketch. If |X| denotes the cardinality of X, and |X| + |X| denotes
the cardinality of X x {1,2}, then it is a fact of cardinal arithmetic that
|X|+ |X| = |X| whenever X is infinite (see for instance Halmos’ Naive set
theory, pp. 96-97). Hence, if X7 = X x {1} and X3 = X x {2}, then
there exists a bijection f: X; U Xs — X. Let E := f(X;). Then E, being
the image under a bijection of an uncountable set, is uncountable, while
E° = f(X5) is also uncountable.

Remark. In probability theory one works with measure spaces (X, A, i) where
w is a probability measure, meaning that p satisfies u(X) = 1. The elements
x € X are called outcomes. A measurable set E € A is called an event, and the
number p(E) (which must then be a number between 0 and 1) is interpreted as
the probability of the event E.



Problem 4. Let X = {z1,...,2,} be a set containing n € N elements, and
equip it with the discrete o-algebra A := 2X. Let p1,...,p, € [0,1] be such
that Y7, pr = 1. Show that there exists a unique probability measure p on
(X, A) with the property that pu({zx}) =pi for k=1,...,n.

Solution: Define

ke{l,...,n}
zLEE
Then p(E) € [0,1] for every E € A, and p(0) =0 and u(X) =Y 1ok =
1. If Fy, FEs,... € A are disjoint then, since X contains only n elements,
at most n of the sets can be nonempty. Reordering the sets so that E; = ()
for all j > n, we get

() V) 5

JEN =1,....,n k:xp€F1U---UE,
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where we in the third step have used the fact that F1, ..., F, are disjoint,
which implies that each z;, can lie in at most one set E;. This proves that
[t 18 a measure.

If p is any other measure such that p({zy}) = px for each k, then for
any F € A,

p(E)zp( U {z1} )Z Z p({zr})

k:xrelR k:zx€E

disjoint, finite union

= Z Pk = Z n({zr})

k:xreE k:xreE
H( U {Ik}> = pu(E).
k:xx€E

Hence, p = p, so the measure is unique.

Problem 5. We toss a coin three times, and record the result as a vector
(a1, a2, as), where ay, az,as € {0,1}, and where 0 encodes “heads” and 1 encodes
“tails”. Let

X = {(al,ag,a;;) i ay,ag,a3 € {0, 1}}7



and let A = 2%,

(a) If heads and tails have equal likelihoods, what is the correct probability
measure p on the measurable space (X,.A4)?

(b) Find the set E € A which describes the event “at least two tosses were
tails”.

(c) Two events E, F € A are independent if the probability of both occurring
equals the product of the probability of each of them:

w(ENF) = p(E)u(F).

Show that the events “the first toss is heads” and “the first and second tosses
are the same” are independent.

Solution:

(a) The probability of any outcome (a1, asz,a3) is (1/2)% = 1/8, so the
correct probability measure is the one which assigns p({a}) = 1/8 to each
outcome a € X.

(b) The event “at least two tosses were tails” is described by the outcomes
(1,1,0), (1,0,1), (0,1,1), (1,1,1).
Hence, the event E is the set

E= {(17170)7 (130;1)7 (07131)7 (17171)}'

(c) Let E be the event “the first toss is heads”, and let F' be the event
“the first and second tosses are the same”. Then

E ={(0,0,0), (0,0,1), (0,1,0), (0,1,1)},
F ={(0,0,0), (0,0,1), (1,1,0), (1,1,1)}.
Since E and F contain 4 elements each, we have u(E) = u(F) = 4% = 3.

Next,
EOF: {(07070)? (07071)}’

so p(ENF) =24 =1 This coincides with u(E)u(F) = 1 = 1. Hence,
FE and F are independent.

Problem 6. Let (X, A, u) be a measure space. For a list of measurable sets
Ey,Es,... € A, we define the limit superior

limsup ), = ﬁ [j FEy.

oo n=1k=n



(a) Prove that limsup,,_, . F,, is measurable.

(b) Prove that

limsup F,, = {x € X : z lies in infinitely many of the sets 1, Es, ... }

n—0o0

(c) Prove the Borel-Cantelli lemma:

If 377 | w(Ey) < oo, then p(limsup,,_, . E,) = 0.

Solution:

(a) Each set Ej is measurable, so the union Uy, Ej is measurable, and

therefore the intersection N, cn (Uk>nEk) is measurable.

(b) We have z € limsup,,_,, E, if and only if € Up>, E) for all n € N,
which is the same as saying that for every n € N, there is some k > n such
that © € Ej. This is the same as saying that there are infinitely many
k for which x € Ej. In other words, x lies in infinitely many of the sets
E,Es, ...

(c) Let € > 0. Since ), u(Er) < oo, there is some N € N such that
Y ore n i(Er) < e. We have

limsup F,, == ﬁ G Ej

n—roo n=1k=n

QU;@NE;C for n>N
oo
c U Ek7
k=N
SO

u(limsupEn) < u( U Ek> < Z WEg) <e.

Since ¢ was arbitrary, we conclude that ,u(lim SUP;, 00 En) =0.




Relevant definitions

Definition. A Hilbert space is a vector space H equipped with an inner product
(-, -) such that if ||u|| := y/{(u, u) is the induced norm, then (H, ||-||) is a complete
normed vector space.

Definition. A normed vector space (U, | - ||) is separable if it has a dense,
countable subset — that is, there exists a countable subset D C U such that
for any w € U and € > 0, there exists some v € D such that ||u —v| <e.

Definition. In a vector space U over a field K and for vectors uy,us,... € U,
the span of the list (u1,us,...) is the set

span(uy, ug, . ..) == {all finite linear combinations of uy, us, . . }

N
:{Zakuk:NeN 011,...704N6K}.

k=1

Definition. In a finite-dimensional vector space U, a basis is a finite list
(e1,...,en) of vectors in U such that any w € U can be written as u =
> r_y agey for unique scalars as, ..., .

In an infinite-dimensional normed vector space (U, ||-||), a basis is an infinite
list (e1,es,...) of vectors in U such that any v € U can be written as u =
> ore ) akey for unique scalars aq,as,.... (The series Y ;- ager should be
interpreted as the limit as n — oo of Y_,_; apex.)

Definition. In a vector space U with an inner product (-, -), a list (ex)rers
(where I is either a finite or countably infinite index set) is orthonormal if for

any j, kel
1 ifj=k
(es: k) = {0 else.

Definition. For normed vector spaces (U, | - ||v) and (V.| - ||v), a function
T:U — V is a bounded linear operator (or continuous linear operator) if T' is
linear, and if there exists some C' > 0 such that ||Tu|ly < C|luljy for all u € U.

Definition. The set £2(R) consists of all infinitely long vectors o = (g, az, .. .)
with components oy, as, ... € R, such that ||a|2 < oo, where

» 7z
ledlle = <Z Iakl2> :
k=1



Hints

1(c): Let Py be the orthogonal projection onto the subspace Hy := span(eq,...,en).
Prove that Pyu — u for every u € H.

2(a): Use Parseval’s identity (Theorem 5.3.10): For every w € H we have
w= 57 (u, exder, and [lul] = (724 [fu ex)?) "

2(b): Define v, :=Y_}'_, axe, and use (a) to estimate |Tv,|.

3(a): Let B:= {E C X : E or E* is countable}. It is enough to prove that

1. BCA
2. B is a g-algebra.

(You need to explain why this is enough.)

6(c): For an e > 0, let N € N be such that >~ v u(Ey) < e.



