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Isolated zeros

m An analytic function f(z) which is not constant 0 has only
isolated zeros.

m The order of a zero z is n if the power series expansion of f(z)
at zy is

H(2) = an(z — 20)" + anp1(2 — 20)™" +---, (an #0)
m Equivalently: Order is n if
0=1f(20) = (20) = --- = " D(2),0 # V().
m Equivalently: Order is n if we can write
f(z) = (z — 20)"h(2),

with h(z) analytic in zg and h(zy) # 0.
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Isolated zeros, more

Two examples

m f(z) = z" has a zero of order nin 0.
m f(z) = sin(z) has a zero of order 1 in 0, since

f(z) = 0,f'(z) = cos(0) = 1 # 0.
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Annulus

An annulus centred at z; is a set of the form
{zeC|p<l|z— 2| <o}

for some chosen numbers 0 < p < o < c.
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Laurent series

m A Laurent series is a series of the form.

o0

f2)= ) a(z-2),

k=—o0

m Given an annulus D = {p < |z — 2| < o} and a function f(z)
analytic on D, there is a unique Laurent series representation
of f such that the sum converges absolutely on D.

m Coefficients determined by

_ ] f(z)
A= 2777/ /|z—zo|_r (Z - ZO)kJr1 o,
forany r € (p,0).
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Laurent series, example
The function f(z) = 1L is analytic on the disk
Dy ={z||z| <1}
and the annulus
D, ={z |1 <|z|}.
It's Laurent series representation on D is

1

—— =14zt
1-2z

On Do, this diverges. We therefore instead take the Laurent series
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Isolated singularities

A function f(z) has an isolated singularity at a point z; if there is an
r > 0 such that f(z) is analyticon {z | 0 < |z — zy| < r}, and either
undefined or not analytic in z.

An isolated singularity is one of three kinds:
Removable singularity
Pole
Essential singularity

Classification is based on the Laurent series expansion

o0

()= Y alz— z)"

k=—o00
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Removable singularities
m Let f(z) have an isolated singulariy at zy and Laurent series

o

()= > alz— z)"

k=—o00
near Zy. Then f(z) has a removable singularity at zy if ax = 0
for all k < 0.
m If the singularity is removable, can redefine f(z) by setting
f(zp) = Z|I_r>Tz]0 f(z) = ao,
to make f(z) analytic at zy.

m Riemann’s theorem: The singularity is removable if f(z) if and
only if f(z) is bounded near z.
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Removable singularity, example

Let f(z) = %(Z) The Laurent expansion of f(z) near z is

hence the singularity at 0 is removable. We can redefine f(0) =1 to
make f(z) analytic at 0.
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Poles

m Let f(z) have an isolated singularity at zy. Then f(z) has a pole
of order n if the Laurent expansion near zj is

f(z)=an(z—20)""+a n1(z—20)"™" +---.

m The function f(z ) has a pole at z, if and only if
||mz*>zo |f( )| =
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Computing pole and zero orders

For a function f(z) analytic near z, which does not have an essential
singularity at zy, define

nif f(z) has a zero of order nin z,
ord(f) = 1 0 if f(2) is analytic in zy with f(z,) # 0
—nif f(z) has a pole of order nin zy
Then given two such functions f and g, we have
0rdy,(fg) = ordy,(f) + ordz(9)
ordzy(f/g) = ordz(f) — ordz(9)
Example: f(z) = W Here z has zero of order 1 in 0, sin(z)? has a
zero of order 2, hence f(z) has a pole of order 1:
ordy(f) = ordy(z) — ordy(sin(z)?) =1 -2 = —1.
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Essential singularities
m A function f(z) has an essential singularity at z; if the Laurent
expansion at zy

f(2)= > ak(z—2)
k=—c0
has infinitely many non-zero ax with k < 0.
m Example: f(z) = €'/ =332, Zk—_lk has an essential singularity
at 0.
m Casorati-Weierstrass: If f(z) has an essential singularity at
2o, then for every complex number ¢, we can find a sequence
2y, 2o, ... With lim,_,., z; = Zp, such that

nI|_>mOO f(zn) = c.
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Everything at oo

m We define what it means for a function f(z) to have a “zero of
order n’/“pole of order n’/“essential singularity” at oo as follows.
Let g(z) = f(1/z). Then we say f(z) has property P at oo if the
function g(z) has property P at 0.

m Example: Taking f(z) = €% ~ g(z) = e'/?, which has an
essential singularity at 0. Hence f(z) has an essential
singularity at co.
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Partial fractions decomposition

Let f(z )_ O(z
algebra, we can write

(2= 2)™
f — T . - sy £jyGj C
BN g OF4°

where the zy,..., 2k, (4, ..., are all distinct. The partial fractions
decomposition of f(z) is a presentation

I
2)=) P2
j=0

where Py(z) is a polynomial, and P;(z) has the form
n

PE =Y g oweC
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The residue theorem

If f(z) has an isolated singularity at zy, with Laurent series expansion
near zy given

o)

Hz)= ) a(z-2)",

k=—o00
then the residue of f(z) at zy is
Res[f(z),z0] = a_1.

The residue theorem: Let D be a bounded domain with piecewise
smooth boundary. If f(z) is analytic on DU 0D, except for isolated
singularities at zy,...,z, € D, then

f(z)dz = 27Tii Res[f(z), z].

oD i
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Computing residues

m In simple cases, can compute Res[f(z), zp] by computing
Laurent series of f(z) in zp.
m A useful rule: If f(z) has a pole of order nin z, then let

h(z) = (z - 20)"f(2).

We then have

_ h(=1)(z)
m Can use L'Hépital’s rule: If f(z) and g(z) are analytic at z;
with f(zp) = g(2p) = 0, then

f2) _ . (@)

2% g(z) 2 g'(2)
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