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Real integrals, |

Let f(z) be a function on C, want to compute [ f(x)dx.

Pr

Yo = Kt ($P

b f(x)dx_ f(z)dz+ | f(z)dz.
. A, :

For certain functions
n Iim,_m fﬁ f(z)dz =0, so
m [ f(x)dx = Ilmr_,oof f(z)dz, and
u I|m,_>OO fy,f z)dzis a computable via the residue theorem.
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Real integrals, |, examples

Typical cases where this works

= Rational functions f(z) = ng; with deg P < deg Q — 2.

m Functions f(z) = gg; T(z) where T(z) is a trigonometric

function and P(z), Q(z) are polynomials.

The simplest example

> 1
/_OO‘I—I——XZdX_Tr
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Real integrals, Il

Certain definite integrals can also be reinterpreted as complex line
integrals around the unit disk. E.g.

2w 1 2w 1 —I'271
o 2+cost o 24 &%e” y 24 #Z1
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This line integral can be handled by the residue theorem.
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The argument principle
A function f(z) on a domain D is meromorphic if it is analytic except
that it may have isolated singularities, all of which are poles.
Let

m D be a bounded domain

m f(z) be a meromomorphic function which is analytic and

non-zero on dD.

Let Ny be the number of zeros of f(z) and N, the number of poles,
both counted with order. Then

1 f'(2)

No— Ny =—
0 21T oD f(Z)
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The argument principle, example

Let’s prove the fundamental theorem of algebra. Let
f(z) = cnz" 4+ cp_12"" +--- + ¢, and let D, be a disk centred in 0 of
radius r. When |z| = r and r > 0, we have

f(z) ncpz"'+---4¢  nep+--- oz _
_ - z '~ nz 1.
f(2) ChZ"+ -+ Cy Cht -4 Coz "

So the number of zeros of f(z) in D, is

1 f'(z) 1 1
N = =~ —= .
¢ 2mi /<9D, f(2) d 2mi /8D, nedz=n

One can check that ~ here means |Ny — n| < 1. Since Ny is an integer,
this means Ny = n.
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Rouché’s theorem
or, “Perturbing an analytic function slightly does not change its number
of zeros in a given domain”:

Rouché’s theorem

Let
m D be a bounded domain
m f(z) be a function analytic on DU 9D.
m g(z) a function analytic on D U 9D, with

lg(2)| < |f(z)] forall ze€ aD.

Then the number of zeros of f(z) on D equals the number of zeros of
f(z) + g(z) on D.
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Rouché’s theorem, example

From Gamelin: Consider
p(z) =26 +92* + 22 + 22+ 4.

What is the number of zerosin D={z e C| |z| < 1}?
Take

f(z) = 9z*
9(z)=2+22+2z+4

When |z| = 1, we have
19(2)| < |28+ |28+ |2z| + |4 =1+ 14+2+4=8 < 9 =|f(2).

So no. of zeros of p(z) = f(z) + g(z) equals no. of zeros of f(z), i.e. 4.
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Winding numbers
Let zy € C, y(t) be a closed piecewise smooth path such that

y(t) # zo for all t.
The winding number of ) around z is

w( )= 1/ az
V> 20 2mi ),z -2z

SIRIE)

wW=-2
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Simply connected domains

A domain D is simply connected if every closed path y can be
continuously deformed to a constant path.

D a disk, a square, C, C\ {ac R | a < 0}.
D = C\ {0}, or any other annulus, is not simply connected.

On a simply connected domain
m Every closed differential is exact.
m Every analytic function f(z) has a primitive.
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Conformal maps

A function f(z) is conformal if it preserves angles.

N () (=)

Xa- ’\9 Kﬂ R 0
‘ =)
Ty O

Theorem

An analytic function f(z) such that f'(zy) # 0 is conformal at z.
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Fractional linear transformations

A function of the form
_az+b

f(z) =
(2) cz+d
with ad — cb # 0 is called a fractional linear transformation.
m f(Zz) is uniquely determined by specifying value in 3 points

f(z1) = w1, f(22) = wa, f(23) = w3

m f(z) defines a bijection C U {0} <+ C U {o0}.
m If E C Cis aline or acircle, then f(E) is a line or a circle.
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Conformal self maps of the unit disk

Let Dy = {z € C| |z| < 1}. A conformal self-map of the unit disk is
a function f(z) which is analytic on Dy and defines a bijection D; < Dj.

A conformal self-map of the unit disk can be written uniquely as

with |a] < 1 and 8 € [0, 2m).
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Fluid mechanics

A vector field V = (P, Q) defined on a domain D C C represents a fluid
flow. We assume it is

; o _ oP ao _
m incompressible: V-V = W + 5. =0.

m irrotational: V x V = W — gt = 0 < Pdx + Qdy is closed.

A complex velocity potential for V is an analytic function
f(z) = ¢(2) + iw(z) such that

do = Pdx + Qdy.

This always exists when D is simply connected.
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Benefits of having a complex velocity

potential

If f(z) = @(2) + iw(z) is a complex velocity potential for V:
m The flow lines of V are the level sets of y(z).
m The flux across a path y(t),a<t<bis

Flux % / PO (D) (1) — QO (8)X(£)at
w(y(b)) —w(y(a)).
2 v=2 7
)
_, Flar=
Y Y=0
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