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Submission deadline
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uio.no/english /studies/admin/compulsory-activities/mn-math-mandatory.html

GOOD LUCK!


https://canvas.uio.no
http://www.uio.no/english/studies/admin/compulsory-activities/mn-math-mandatory.html
http://www.uio.no/english/studies/admin/compulsory-activities/mn-math-mandatory.html

You may answer in Norwegian or English. Every submitted solution will be
awarded a passing grade. Collaboration is permitted and encouraged; LLM
assistance is permitted but strongly discouraged.

Problem 1. Let f(z) = ﬁ, and let 372, ar2® be the power series
expansion of f around 0.

(a) Determine ag, a; and as.
(b) Determine the radius of convergence of the power series.

(c) Compute
f(z)dz,

|z|=2
where the path around the circle |z| = 2 is oriented counterclockwise.
Solution. (a) We have power series expansions at 0
2

z
eZ:1+z+§+...

and
1—2)t=14+2+22+...,

which gives
1-—2)?=10+z2z+224+... ) =1+22+322+...,

where ... denotes terms of order 3 and higher. Multiplying these we get

z 2

11
¢ :(1+z+%+...)(1+22+3z2+...):1+3z+322+...,

(1—-2)?

Soaozl,alz?),andagz%.

Alternative (harder) solution: Differentiating f(z) we find

N
f(z)—e<1_z)3
and NP
o) =t 22T
F1(E) = e
and so get
W FO =1 = PO =3 o=l O



(b) The function is analytic on the disc {z € C | |z| < 1}, and so the
radius of convergence is at least 1. When z — 1, f(2) — o0, so f cannot be
extended to be analytic at 1. Thus the radius of convergence is exactly 1.

(c) The function e* is entire (that is, analytic on all of C). By Cauchy’s
integral formula, we have

d 1 e” 1

—e*],_, = — ——dz = —f dz.

dz (7= 2mi 7{4:2 (z—1)2 T om |2|=2 J(z)dz
d

Since 4 [e*] _, = e! = e, we find
dz z=1 ’

3 (2) dz = 2mie.
z|=2

]

Problem 2. Let D C C be a bounded domain with piecewise smooth
boundary. Let f be analytic on D, extending smoothly to D.

(a) Show that if f is constant on 9D, then f is constant on D.
(b) Show that if f(z) # 0 for all z € 9D and

1
/,‘3Df(2;)dz?é07

then f has a zero in D.

Solution. (a) Let ¢ € C be such that f(z) = ¢ for all z € 9D, and let
g(z) = f(z) — c for all z € D. Then g is analytic on D, extending smoothly
to D, and moreover g(z) = 0 for all z € 9D. By the maximum principle,
lg| attains its maximal value on 9D, hence g(z) = 0 for all z € D, and so
f(z) =cforall z € D.

Alternative solution: By the Cauchy integral formula, we have, for w € D,

that . 1) .
!/ _ 4 - ¢
Jiw) = 2mi /6D (z —w)? dz= 2mi /8D (z —w)? dz.

Since ﬁ has a primitive =% on C\ {w}, the integral vanishes, so

f'(w) = 0. Since this is true for all w € D and D is a domain, we have that
f is constant on D, and so by continuity on D.

(b) Suppose for a contradiction that f has no zeros in D, and therefore
not in D. Then g(z) = + is analytic on D, extending smoothly to D, and

O]
SO 1
dz = / dz =0,
/8D f(2) © 8Dg<Z) ©
by Cauchy’s theorem. This gives a contradiction. O]
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Problem 3. Let a € C. For each integer k£ > 1, let

(Z) :a(a—1)..é!(a—k+1)7

and let

Consider the power series

(a) Determine the radius of convergence of the power series; the answer will
depend on whether a € Z~( or not.

(b) Recall that for w € C\ R<y we define the principal branch P, of the
a-th power function w® by

P,(w) = e Log(w)

where Log(w) denotes the principal branch of the logarithm. Show that
Pl (w) = aP,_1(w)

for all w € C\ Rxy.

(c) Determine P (1) for all k& > 0 and use this to show that for |z| < 1,
we have

f(z) = Py(1+ 2).

Solution. (a) Suppose first that o € Z>(. Then (Z) =0 for k > «, since it
contains a factor (o« — ) = 0. Thus the power series is a polynomial, so
converges everywhere, and the radius of convergence is oco.

Suppose next that o € Z>¢. Then (Z) =# 0 for all £ > 0, and we can
apply the ratio test to the fraction

(4) W_“l__pr“ro‘
( o ) T ale=l)..(a=k) T 4k o—k
ket (k+1)!

Since ﬁ — 0 as k — oo, we have
(&)
k
(21)
k+1

1+«
a—k

—’—14— ’—>1




as k — 0o. By the ratio test, then, the radius of convergence is 1.
(b) We know that Log'(w) = L and that e“&(*) = w for all w € C\ R<o.
Applying the chain rule, we get

PO/C ('LU) =« Log/(w)ea Log(w) _ gea Log(w) _ e Log(w)
w

— aeaLog(w)fLog(w) _ Oée(afl) Log(w) _ aPa,l(w).

(c) We claim that P®(1) = 1, and for all & > 1, P®¥(1) =
ala—1)...(a—k+1). We prove this by induction on k, starting from the
base case k = 0, which is true by

P.(1) = extosll) — a0 — o0 — 1,

Assume now the claim holds (for all ) for some k£ > 0; the induction step is
to prove it holds for k + 1. By problem (b), we have P*+1D(1) = aP™ (1).
If k = 0, this gives P{Y(1) = « as claimed, while if k& > 0, we find
PFE(1) = a(a— 1) ... (a — k), which again is what we wanted. Therefore
the claim holds for all £ > 0.

It follows that

and so the power series expansion of P,(w) at w = 1 is

00 (k) © [
Puw) = 3 P = = 3 (w0

k=0

where the power series converges to P, (w) for all w with |w — 1| < 1, since
P, is analytic on the set {w | |[w — 1| < 1}. Substituting w = 1 + z gives

Py(1+42) = g% (Z) k= f(2)

whenever |z| < 1. O
Problem 4. Let f(z) = f, let r > 0, and let 7, be the path
v (t) = —rsint + ir cost, 0<t<m.

Show that
<.

/ f(z)dz

r




Solution. The path ~, forms a half circle centred at 0 of radius r, starting at
ir, through —r and ending at —ir. Its length is L = mr. For every z = ~,.(t)
with ¢ € [0, 7], we have

e T sin(t)

7|z]77’ r

As sin(t) > 0, we have e7"5"() < 1, and hence

S |

F(z)] <

Taking M = %, the M L estimate now gives

1
<ML=—-nmr=m.
r

/ f(z)dz

r

Remark: For r > 1, the bound can be improved to

™
Si
r

Y

/ f(z)dz

r

by Jordan’s lemma [Gamelin, VIL.7]. O

Problem 5. For each of the hypothetical function descriptions below, either
give an example of a function satisfying the description, or prove that no
such function can exist.

(a) A function which is defined and analytic on C\ Z, but does not admit
an analytic extension to any point of Z.

(b) An entire function such that |f*)(0)| > k! for all k& > 0.

(
(¢) An entire function such that f (%) = 2711 Tn for all integers n > 1.

Solution. (a) The function f(z) = Sin(lm) is analytic wherever sin(7z) # 0,
which is whenever z ¢ Z. For each zy € Z, we have lim,_,,, sin(rz) = 0, and
so lim,_,,, f(z) = oco. It follows that f cannot be extended analytically (or
even continuously) over any point of Z.

(b) No such function can exist. Assume for a contradiction that such a

function f exists, and let

oo
Z CLka
k=0



be its power series expansion at 0. We then have

lax| =

£®(0) ‘ FB0)]
K R

for all k. It follows that for any r > 1, the sequence |ag|r* is unbounded,
and therefore the convergence radius of the power series is at most 1. This
is a contradiction, as an entire function has a power series with convergence
radius oo at every point.

(c) No such function can exist. Assume for a contradiction that such a
function f exists, and let

9(z) = f(z) =

22—z’

for all z # 2. Then g is analytic on the domain C \ {2}, and has a zero at
1/n for every n > 1. By continuity ¢(0) = 0, and so g has a non-isolated
zero at 0, from which it follows that ¢g(z) = 0 for all z # 2. This means
that f(z) = 5= for all z € C\ {2}. We then have lim._,, f(2) = co, which
contradicts f being entire. O



