LIOUVILLE’S THEOREM, SERIES AND CONVERGENCE OF
FUNCTIONS

Recall For a bounded domain D with piecewise smooth boundary, and a function
f(2) analytic on D extending smoothly to the boundary 0D, we have Cauchy’s
integral formula, for w € D
1
flw)=— ﬂdz.

2 Jop 2 —w

Moreover, f admits complex derivatives to all orders, and for the m-th derivative
™) we have the formula

f(m)(w)_m!/aD( f(z)

- 2mi z —w)mt

Let now w € C,D = {z € C| |z—w| < r}, assume f is analytic on D and smooth
on 0D, and let M > 0 be such that for each z € 0D = {z € C | |z — w| = r}, we
have |f(z)| < M. Then, for z € 4D,

f(2)

(z —w)mtl

and as the length of 9D is L = 2xr, the ML estimate gives the Cauchy estimates

for f(m):
| | |
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Example. Consider f(z) = 2™ and w = 0. Then f("™)(z) = m!. For |z| = r, we
have that |f(2)| = |2|™ = ™, so we may take M = r™. We then get

M

= Tm_"l’

170 w)| =

mlr™
=m!

ml = |f(0)] <

S —m
In particular, we see that the Cauchy estimate is sharp, that is, the constant m!
cannot be replaced by any smaller one.

Example. Let f(z) =e*, w=0,r > 0. Then f0™(2) = e?. If |2| = r, then
‘62‘ _ eRe(z) < er’

so we may take M = e" above. The Cauchy estimate becomes the not quite obviousﬂ
claim

m e"m!
1=]f(0) <

— rm .
Definition. A function f(z) which is analytic on the domain C is called entire.

Theorem (Liouville’s theorem). If f is a function which is bounded and entire,
then f is constant.

ou can try to prove this using the power series expansion for e”.
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Proof. The function f being bounded means there is an M > 0 such that |f(z)| <
M for all z € C. Let now w € C and r > 0 be arbitrary. The Cauchy estimate for
I gives
M
7w <
Since this holds for all r > 0, we must have |f'(w)| = 0. Since f'(w) = 0 for all
w € C, we have that f is constant. |

We can now prove the hard part of the fundamental theorem of algebraEI
Theorem. FEvery non-constant complex polynomial has a complex zero.
Proof. Let
f(z) =anz" +---+ao a; € C,
with n > 1 and a, # 0. Suppose for a contradiction that f(z) # 0 for all z € C.

Let g(z) = f(lz). Then g is entire, and we claim that g is moreover bounded. To
see this, note first that, by the triangle inequality

n—1
[F()] = lanz" + -+ ao| > |anz"| = an—12"""| = -~ = [ao| = |an[2|" = Y |ail|2[".
=0

When |z| > 0, the term |a,||2|" dominates the other terms in this sum. In partic-
ular, there is an R > 0 such that when |z| > R, we have

n—1
[F(2)] = lanll2[* =D lasllz]* = 1.

=0
Letting M = max{|g(2)| | |z| < R} (which exists since g is continuous and {z | |z| <
R} is closed and bounded), we then have

Mif|z| <R
l9(2)] < :
If)| < 1if |2 > R
Thus g is bounded and entire, hence constant, and hence f is constant, which gives
a contradiction. O
SERIES

Spoiler: We’ll shortly be using the Cauchy integral formula to show that every
analytic function can be locally described as a power series. In order to do this, we
need to first recall a few basic facts about convergence and sums of infinite series
of complex numbers.

Definition. An infinite series Y r- ,aj of complex numbers aj, converges to A if
the sequence of partial sums A, = ZZ:() ay, converges to A.

Example. For z € C, we have the infinite sum ZZOZO 2¥ with partial sums

n

1— n+1
E Zk:1+...+2”:#7
1—=2
k=0

which converges to 1/(1 — 2) if |z| < 1, and does not converge otherwise.

2The easy part being the passage from this to the claim that every complex polynomial factors
into linear ones.
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Any question about convergence and sums of infinite series translates to a ques-
tion about convergence and limits of sequences. A few basic observations carry over
from sequences:

o If > yar = Aand c € C, then Y ;- car = cA.
o If > yar =Aand > - br = B, then > 7 (ar + by) = A+ B.

Definition. We say a series >, , aj converges absolutely if > .° |aj| converges.

Remark. A series Zzio ay, converges if and only if the sequence of partial sums
A,, is Cauchy, which in turn holds if and only if A4, — A,, = >}_ 41 @k tends to
zero as m,n — 0o. Since

n

>

k=m-+1

n

< Y lanl:

k=m-+1

If 327, ar converges absolutely, then Y.} |ax| is a Cauchy sequence. Hence the
right hand side tends to 0, and so the left hand side also does. In particular, a
series which converges absolutely also converges.

Example. The series Y -, 2" converges absolutely if |z| < 1, since Y, |z*| =

1
Z;‘;dz\k = 102
(=1)*

Example. The series Y - ~—— converges to —log 2, but does not converge ab-
solutely, since Y7 4+ diverges.

The following tests are useful to prove/disprove convergence of a series:
e Comparison test If |ax| < 7y for all k > 0, and Z;OZO 71, converges, then
> oreolak| converges, so 77 ap converges absolutely.
e Convergence depends on terms going to 0: If a; does not tend to 0
as k — oo, then Y p- ; aj does not converge.

Example. The series ZZOZO z* converges absolutely if |z| < 1; we can see this
using the comparison test with |z|* < |z|*, since Yy 2* converges absolutely.
The series does not converge if |z| > 1, since then 2¥' 4 0 as k — oo.

SEQUENCES OF FUNCTIONS
We now consider sequences and series of functions. Let E C C, and let (f,,)22,
be a sequence of functions on E. We say

e the sequence (f,) converges pointwise to a function f if, for every z € F,
the sequence (f,,(2))32, converges to f(z).
e the sequence (f,) converges uniformly to a function f if the sequence

en = sup{|f(z) — fu(2)| | z € E}
converges to OEI

Remark. We may think of the number e,, above as an “error term” measuring
how far away from f(z) the function f,(z) is at its worst. If f, converges to f
uniformly, then it also converges pointwise, but not vice versa. As a general rule,
uniform convergence implies that f inherits nice properties from f,, (e.g. continuity).

3Here we allow €en = 00.
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Example. Take E = [0,1] C C, and let f,(x) = ™. Defining f(z) by f(1) =1 and
f(x) = 0 otherwise, we have that for every z € [0,1), f,(z) = 2™ — 0 as n — o0,
while f,(1) =1 — f(1) as n — oco. On the other hand the error term e, = 1 for
all n, so f,, does not converge uniformly to f. Note that f is not continuous even
if all f,, are.

Taking partial sums, we get the same notions for series of functions, that is,
given a series of functions Z?:o fn, it converges pointwise (resp. uniformly) to a
function F if the sequence F,, = >_}'_, fr converges pointwise (resp. uniformly) to

F.

Lemma. If a series Y ..o [ of functions on E converges pointwise to F, then the
convergence is uniform if and only if the sequence

enzsup{ i Jr(2) |z€E}

k=n-+1
Proof. By definition of uniform convergence, e, = sup{|F(z) — F,(2)| | z € E},
which equals the right hand side of the equation above. ([

converges to 0.

Example. On D = {z € C | |z| < 1}, the series Y ;- 2" converges pointwise

to the function ——. This convergence is not uniform, since for each partial sum

11—z
Fo(2) =Y p_y 2", the error term
zeD}zsup{ |z€D}

>,

1
€n = Sup{‘lz — Fu(2)
k=n-+1

Zn-i—l
zsup{‘lz |z€D}

is infinite, since ’Z;j;‘ can be made arbitrarily large by taking z = 1 — € and ¢
small. On the other hand, replacing D by the closed disc D, = {z € C | |z| < r}
for some r < 1, the series converges uniformly to i, since % < Tlnj: — 0 as

n — 00.



	Series
	Sequences of functions

