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Problem 1 (weight 10%)

Find a fractional linear transformation f(z) such that f(0) = 0, f(1) = 1
and f(2) = ∞. What is the image of the disc |z − 1| < 1 ?

Problem 2 (weight 15%)

Show that the function u(z) of z = x + iy given by u(z) = x3 − 3xy2 is
harmonic. If u(z) is the real part of an analytic function f(z), what is f ′(z)
in terms of z ?

Problem 3 (weight 25%)

3a

What is the power series of cos(2z)? What is the radius of convergence ?

3b

What type of singularity does

f(z) =
2z2

1− cos(2z)

have at z = 0? And at z = π?

3c

Compute the three first terms of the power series of f(z) at 0. What is the
radius of convergence of this power series ?

(Continued on page 2.)
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Problem 4 (weight 35%)

4a

Solve the equation z4 + 5z2 + 4 = 0.

4b

Classify the singularities of

f(z) =
5z2 + 8

z4 + 5z2 + 4

and compute the the residues at the singularities in the upper half plane.

4c

Compute the integral ∫
∞

−∞

5x2 + 8

x4 + 5x2 + 4
dx

4d

Find the Laurent expansion of f(z) in the annular region 1 < |z| < 2.
Hint: You get the easiest computation if you first write f(z) in the form
f(z) = A

z2+1
+ B

z2+4
.

Problem 5 (weight 15%)

Let
P (z) = z4 + 4z3 + 7z + 1

How many zeroes, counted with multiplicities, does P have in the disc
D = {z; |z| < 1} and in the annulus A = {z; 1 < |z| < 2} ? Can any
of the zeroes be multiple (i.e. not simple) zeroes ? Explain your answer.

THE END
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