MAT2440, spring 2017 — solutions

La A veere matrisen

-1 0 1
A= 0 -3 4
0 -1 1
Bestem exptA.
La b(t) veere gitt som
ot
b= 0
0

Finn lgsningen av differentialligningen

z=Ax +b

1
slik at z(0) = | 2
1

a) One finds that the characteristic polynomial of A equals (X + 1)? so that
—1 is an eigenvalue of multiplicity 3. Let N = A + I, then N is nilpotent
and of course it commutes with I, and one has

0 0 1
N=10 -2 4
0 -1 2

One finds

0 -1 2
N2=1(0 0 O
0 0 0

and N3 = 0. It follows that exp(tA) = expt(—I + N) = exp(—tI) exp(tN)
and hence

1 —1/2- 2+t
exptA=clexptN =e "(I+tN+t/2-N) =e |0 1-2t 4t
0 —t 1+2t

b) Using exp —tA as an integrating factor brings the equation on the
form

d/dt(e " a(t)) = e Ab(t).



Computing e *4b(t) gives

1
e~ h(t) = [0
0

Integrating and taking care of the initial value gives

t+1
e (t) = 2
1
Finally, one finds
t+1 2t+1
z(t)=e?| 2 =e! 2
1 1

Consider the optimalization problem
1
J(z) = / (202 + 208 + %)@t 2(0)=0 (1) = 1.
0

Determine the corresponding Euler-Lagrange equation and find the
general solution of it.

Determine a function z(t) with 2(0) = 0 and x(1) = 1 such that J(x)
is minimal.

a) The integrand in J(z) is derived from the function L(q,p) = 2¢>+2qp+p>.
One finds Ly = 4g + 2p and L, = 2q + 2p. Hence the EL-equation becomes

Lo(z,&) — d/dt(Ly(z, 1)) = 4o + 24 — d/dt(2z + 2&) = 4 — 2 =0
or
T =2x.
The general solution of the EL-equation is z(t) = AeV2 4 BemV2,

b) The condition z(0) = 0 gives B = —A and z(1) = 1 gives AeVZ4 BeV? =
1, that is A(eV2 — e7V2) = 1; that is A = (V2 — e~V2)~L. It follows that

W=m A

This is a minimum since L is convex; indeed, Lyq = 4, L,; = 2 and
Ly, = 2 which gives the Hessian

4 2
det<2 2) =4



which is positive, and as L,, and L, are positive as well, L is convex.

La a > 0. Vis at f(z) = /2 er Lipschitz pa intervallet [a, 00) og
angi ein Lipschitz-konstant. Er f(z) Lipschitz pa noko intervall av
typen [0, 5]?

Betrakt differentiallikninga

i = 2z1/2 (*

iomradet £ = {z € R | z > 0}. Finn den generelle lgysinga av
likninga og bestem for kvar {5 € R og kvar zg € E ei lgysing slik at
x(tp) = xo. Argumenter for at denne er eintydig.

Land F={x € R|x>0}. Vis at det for kvar ¢( finnast minst to
lgysinger av (*) i F' med x(t9) = 0 og at bade er definert for alle ¢.

a) One has f/(z) = 2~ /2 which is decreasing for z > 0. Our function f is C'*
on intervals < z,y > C < a,00 > with 0 < a. The Mean Value Theorem
gives

f(@) = f(y)l = |z —y| <P |z —y|
and f is Lipschitz in < «, oo > with a Lipschitz constant o=1/2. The function
f is not Lipschitz in [0, 3], since again by the Mean Value Theotem one has

fa) =V

1/2

where 0 < ¢ < z and ¢~/ — oo when =z — 0.

b) Separation of variables gives when z > 0 that

dzx

=
2yx

integrationg we find
Vr=t+ec
hence
z = (t+c)

It is a solution for t > —¢, for & = 2(t + ¢) must be positive (equal to z~1/2

which is positive by definition). Given ¢y and z¢ the unique solution with
x(tp) = xo is
x(t) = (t + a2 —to) /2

c¢) The constant function x(t) = 0 is obviously a solution of (*) in the region

F, and satisfies z(tg) = 0. Another solution with x(t9g) = 0 is the one given
as

0 for t <t

2(t) = { rh=

(t —tg)> fort > tg



Since hmt—n:{ (t —t9)? = hmt—>t5r 2(t — tp) = 0 this is continuously differen-
tiable and it satisfies (*).

7

Consider the non-linear system

i=y-—yz (**)
Y=z +yx.

Show that the equilibria of the system (**) are (0,0) and (1,—1), and
determine the linearization of the system in each of these. Determine
the type of linearizations.

Let z(t) = (z(t),y(t)) be a solution of the system (**). Show that
z(t) + y(t) = Ae! for a suitable constant A. Show that if 2(0) lies on
the line L given by y + x = 0, then z(¢) lies there for all ¢.

Let (a,b) be a point not lying on the line L, and let z(¢) be the solution
with z(0) = (a,b). Show that z(¢) is not bounded when t — oo.

\

a) The equilibria are the solutions of the equations

y—yr =0

Tz +yr =0,
or

y(l—2x)=0

z(l+y)=0.

Hence the equilibria are (0,0) and (1, —1)
The Jacobian matrix is

In 0,0 one has

J(0,0) = <(1) (1))

with eigenvalues £1. Hence the linearization is a saddle. In (1, —1) one finds

J(1,-1) = (é ‘D

which is an unstable node.

b) Adding the two equation in (**) gives £ 4+ ¢ = xz +y; That is z(¢) +y(t) =
Aet, for a constant A. If x(0) + y(0) = 0, it follows that A = 0, hence
x(t) +y(t) = 0 for all ¢, and 2(¢) lies on L for all t.



¢) If z(t) were bounded, one could find a constant M such that |z(t)| < M
and |y(t)] < M for all ¢, but as z(0) does not lie on L, one has z(t) + y(t) =
Ae! with A # 0. Hence the inequality

Al e’ = |z(t) +y(O)] < |2(t)] + y(t)] < 2M

would be true for all ¢, which is impossible since |A|e! — oo when ¢ — cc.
SLUTT



