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Problem 1

Consider a single-period market consisting of Ω = {ω1, ω2, ω3, ω4}, with
associated probabilities P = ( 3

10 ,
3
10 ,

1
5 ,

1
5). Assume that S1 is a stock whose

price equals 1 at time t = 0, and takes the values (12 , 1,
3
2 , 2) in the states

(ω1, ω2, ω3, ω4), respectively, at time t = 1. Moreover, assume that S2 is
a second asset with price 3

10 at time t = 0 and values (0, 0, 12 , 1) in the
respective states (ω1, ω2, ω3, ω4) at time t = 1. The bank is given by B0 = 1
at time t = 0 and B1 = 11

10 at t = 1.

1a

Consider a trading strategy, with zero initial portfolio value, consisting in
short-selling one unit of asset S1, buying one unit of asset S2, and placing the
remaining capital in the bank. Identify the trading strategy and compute
the gains G.

1b

What does it mean for Q = (Q1, Q2, Q3, Q4) to be risk-neutral? Determine
the risk-neutral probability measure(s) in the market above.

Give a mathematical definition of an arbitrage opportunity. Are there
arbitrage opportunities in the market above? Is the market complete?

1c

Consider a put option written on the first stock S1 with exercise price
K = 1, and denote by X its payoff: X = max(1 − S1(1), 0). Is the
claim X attainable? If yes, then determine the generating trading strategy
H = (H0, H1, H2).

(Continued on page 2.)
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1d

Let Y be an arbitrary attainable claim Y . State and then derive the risk-
neutral (no-arbitrage) pricing formula for Y . Use this formula to determine
the price of the put option in 1c.

Problem 2

2a

Consider a concave utility function U . We define the risk premium of a
portfolio return vectorX as the positive amount π = π(X) that one is willing
to pay in order to receive a certain compensation, that is, π is defined by
the equation

U(X − π) = E[U(X)],

where X = E[X]. Suppose the following approximations are valid:

U(X) ≈ U(X) + (X −X)U ′(X) +
1

2
(X −X)2U ′′(X),

U(X − π) ≈ U(X)− πU ′(X).

Use this to show the following approximation for the risk premium:

π ≈ −1

2

U ′′(X)

U ′(X)
Var(X), (1)

where
Var(X) = E[(X −X)2] = E[X2]−X2 (2)

is the variance of X.
The quantity

α(v) = −U
′′(v)

U ′(v)

is called the (Arrow-Pratt coefficient of) absolute risk aversion of U at level
v. Compute the absolute risk aversion for the utility function

U(v) = 1− e−av,

where a > 0 is a given constant.

2b

Consider a general single-period market consisting of N risky assets, along
with a bank account with fixed interest r > 0: B0 = 1 and B1 = 1 + r. The
market is assumed to be free of arbitrage opportunities and complete. We
wish to solve the maximization problem

max
H∈RN+1

E

[
−1

2
V 2
1 + βV1

]
, V0 = ν,

where V1 = H0B1 +
∑N

n=1HnSn(1) is the terminal portfolio value, β is a
given constant, and ν > 0 is the initial capital.

(Continued on page 3.)
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Using the risk-neutral probability approach, the first step is to maximize
expected utility of wealth. Formulate this problem, and use the Lagrange
multiplier method to show that the optimal wealth Ŵ is given by

Ŵ =
β

EQ[L]
(EQ[L]− L) + ν(1 + r)

L

EQ[L]
, L = Q/P,

where Q is the risk-neutral probability.

2c

Compute the mean value of the optimal wealth Ŵ from 2b, E[Ŵ ], and then
determine the constant β such that

E[Ŵ ] = ν(1 + ρ),

where ρ > r is another constant.

2d

Let Ŵ be the optimal wealth given in 2b (with β as in 2c). Explain why
V̂1 := Ŵ is a solution to the following mean-variance portfolio problem:

minimizeVar(V1), subject to E[V1] = ν(1 + ρ) and V0 = ν.

Hint: Let Ṽ1 be any other solution than V̂1, with E[V1] = ν(1 + ρ) and
V0 = ν. Show that Var(V̂1) ≤ Var(Ṽ1), cf. (2).

Problem 3

Consider a multi-period market (T = 2) in which a stock price is given by

S0 = 10, S1(ω) =

{
12, ω = ω1, ω2,

10, ω = ω3, ω4,
S2(ω) =


14, ω = ω1,

8, ω = ω2,

12, ω = ω3,

9, ω = ω4.

Moreover, the bank process is B0 = 1, B1 = 1 + r, and B2 = (1 + r)2, where
r = 1/10 is the interest rate.

3a

Identify the filtration F = {Ft}t=0,1,2 generated by the stock price
process S = {S0, S1, S2}, and then determine the risk-neutral probability
(martingale) measure Q = (Q1, Q2, Q3, Q4).

3b

A ‘floating exercise-lookback’ call option is an option in which the exercise
price is taken to be the minimal value Smin(ω) of the stock price during the
life of the option (t = 0, 1, 2). The payoff X(ω) is the difference between
the final value S2(ω) of the stock price and the minimal value Smin(ω), if
the difference is positive, otherwise it is zero. Use the risk-neutral valuation
formula to compute the arbitrage-free price of X at time t = 0.

THE END


