
MAT3100 - Compulsory exercise 1 of 2, 2021

March 5, 2021

Deadline

Thursday 11. march, 2021, 14:30, in Canvas (canvas.uio.no).

Instructions

You choose yourself whether to write by hand and scan your delivery, or write
using a computer (for example in LATEX). The delivery should be one PDF file.
Scanned sheets should be readable.

It is expected that you present arguments for your answers that are easy
to understand. Remember to include all relevant plots and figures. Students
who fail on their first deilivery, but have made a real attempt to solve the
exercises, will get a possibility to revise their delivery. Cooperation and all
aids are permitted, but your delivery should be written by you and reflect your
own understanding of the material. If we are in doubt whether you really have
understood your own delivery, we may require you to explain yourself.

Application for delayed delivery

If you are ill, or for other reasons need to delay your delivery, you need to contact
the study administration at the institute of mathematics (e-mail: studieinfo@math.uio.no)
in good time before the deadline.

To be admitted to the final exam in this course, all compulsory exercises
need to be passed in the same semester. To pass this compulsory exercise you
need to make real attempts on all parts, and at least 50% needs to be answered
satisfactory.

For complete guidelines for delivery of compulsory exercises, see:

www.uio.no/studier/admin/obligatoriske-aktiviteter/mn-math-oblig.html

Good luck!
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Exercise 1

Consider the problem

max 2x1 + 3x2
s.t. 2x1 + x2 ≤ 10

x1 + 2x2 ≤ 10
x1 + x2 ≤ 6

x1, x2 ≥ 0

a)

Write down a matrix A and vectors b and c so that the problem can be written
on the form

max cTx

s.t. Ax ≤ b

x ≥ 0

b)

Sketch the feasible region of the problem.

c)

Solve the problem using the Simplex method.

d)

We consider the same constraints as in a), but change the objective function to
2x1 + 2x2. Apply the simplex method again to find all optimal solutions to this
modified problem.

Exercise 2

Find any optimal solution to the problem

max x1 + x2 + x3
s.t. 2x1 − 2x2 + x3 ≤ 4

3x1 − x2 + 2x3 ≤ 2
x1, x2, x3 ≥ 0

Exercise 3

In the field of compressive sensing one attempts to recover an unknown vector
from an underdetermined set of (linear) measurements, i.e., find an unknown
x ∈ RN that satisfies Ax = p, where

• p ∈ Rm is the vector of measurements, and

• A is the m×N matrix which collects those measurements.
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In practical applications m is much smaller than N , and we can’t expect to
recover x in general. But if we have some additional information about x, it
turns out that the knowledge of the measurements in p may still be enough
to recover x. The additional information we will consider is sparsity (a vector
is called sparse if it has mostly components that are zero): For many “magic”
matrices A, if it is known that x is sparse, x can be recovered as the optimal
solution to the problem

min ‖x‖1
s.t. Ax = p,

(1)

where ‖x‖1 = |x1| + |x2| + . . . + |xN |. Note that the variable x here is uncon-
strained: It is not required to be non-negative. In the following we will test if
this procedure works for a very small vector and matrix.

a)

Show that x is an optimal solution to (1) if and only if it is an optimal solution
to

max
∑

i(−x
+
i − x

−
i )

s.t.

(
A −A
−A A

)(
x+

x−

)
≤
(

p
−p

)
x+,x− ≥ 0

(2)

This is a linear programming problem in standard form.
Hint: Write xi = x+i − x

−
i , where x+i , x

−
i ≥ 0.

Let us test this procedure on the sparse vector x = (0, 0,−1), and the matrix

A =

(
1 0 −1
0 1 −1

)
, to see if x is recovered from the vector of measurements,

which here can be computed to be p = (1, 1). Of course, it does not sound like
rocket science to recover a vector with 3 components from two measurements.
But the magic is that solving the problem (1) also can help recover sparse vectors
x when N is very large and m is very small compared to N !

b)

Solve (2), with A and p as given above, using the simplex method. Is the correct
x recovered? Is the optimum unique?

To get started, you can use that the primal dictionary is

ζ = −x1 −x2 −x3 −x4 −x5 −x6
w1 = 1 −x1 +x3 +x4 −x6
w2 = 1 −x2 +x3 +x5 −x6
w3 = −1 +x1 −x3 −x4 +x6
w4 = −1 +x2 −x3 −x5 +x6

where we wrote x+ = (x1, x2, x3), x− = (x4, x5, x6), and denoted the slack
variables by wi.
Hint: The starting dictionary above is not primal feasible, but dual feasible.
So write down the dual dictionary or apply the dual simplex method.

A couple of remarks should be made.
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• For this particular exercise, simplex is not the easiest way to solve (1):
That Ax = p means simply that x1−x3 = x2−x3 = 1, so that x1 = x2 =
x3 + 1, with x3 arbitrary. The problem thus boils down to minimizing
|x1|+ |x2|+ |x3| = 2|x3|+ |x3 + 1|, which is easily solved by hand.

• For larger A and p, we depend on an implementation of simplex, since
such problems are too tedious to solve by hand.
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