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Grading: To get your submission approved, you need to show that you have
tried to solve every exercise, and have solved about 2/3 of the problems correctly.
Each of the three problems 1, 2, 3 are weighted by 1/3 each.

In this assignment we will consider the ordinary differential equation*

y′′(x) = f(y(x)) for x ∈ (0, 1)

y(0) = α, y(1) = β.
(1)

Here, f ∈ C(R) is a given continuous function, α, β ∈ R are given “boundary
data”, and y : [0, 1] → R is the unknown function. A function y = y(x) is
a solution of (1) if y′′(x) = f(y(x)) at all points x ∈ (0, 1), and y(0) = α,
y(1) = β.

If f is a linear or constant function then you have learnt how to solve (1)
exactly. If f is nonlinear then a solution still exists, but in general it does not
have a closed form expression. Our goal will be to numerically approximate this
solution.

Problem 1. Let N ∈ N. We partition the domain x ∈ [0, 1] into N intervals
with endpoints

xi = ih (i = 0, 1, . . . , N) where h = 1
N .

At each “grid point” xi we approximate zi ≈ y(xi).

(a) Explain why the set of equations

zi−1 − 2zi + zi+1 = h2f(zi) for i = 1, 2, . . . , N − 1

z0 = α, zN = β
(2)

gives an approximation of (1).

(b) Denote the unknown by z =
(
z0 z1 . . . zN

)T
. Find a tridiago-

nal� matrix A ∈ R(N+1)×(N+1) and a vector b(z) ∈ RN+1 such that
(2) can be equivalently written as

Az = b(z). (3)

(Note that the vector b(z) depends on z. Make sure that you include
the boundary conditions from (2) in (3).)

(c) A matrix A ∈ Rn×n is diagonally dominant if

(i) none of the rows in A contains only zeros

(ii) |Ai,i| >
∑

j 6=i |Ai,j | for all i = 1, . . . , n

(iii) there is at least one index i such that |Ai,i| >
∑

j 6=i |Ai,j |.
It is a fact (which you do not need to prove) that all tridiagonal,
diagonally dominant matrices are invertible. (The proof is an ele-
mentary, but tedious, proof showing that Gaussian elimination with
A works.)

Prove that A from (3) is invertible.

*This ODE can be viewed as a model of a piece of string. The ends of the string are fixed
at the two points (0, α) and (1, β), and y(x) denotes the height above the ground of the string
at the position x. The right-hand side f is then a force acting in the vertical direction.

�A matrix A is tridiagonal if Ai,j = 0 for j > i+ 1 and j < i− 1.
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(d) Consider now a general linear system

Bu = c, (4)

where c ∈ Rn is given, u ∈ Rn is unknown, and where B ∈ Rn×n is
tridiagonal and diagonally dominant. Explain why solving (4) using
Gaussian elimination only requires O(n) floating point operations
(flops), as opposed to O(n3) for a general matrix B.

Solution:

(a) If zi ≈ y(xi) then f(zi) ≈ f(y(xi)) and

zi−1 − 2zi + zi+1

h2
≈ y(xi − h)− 2y(xi) + y(xi + h)

h2
.

The latter is a well-known approximation to y′′(xi). Multiply by
h2 on both sides to get (2). The boundary conditions are obvious:
α = z0 ≈ y(x0) = y(0) and β = zN ≈ y(xN ) = y(1).

(b) We can rewrite (2) as (3) by defining

A =


1
1 −2 1

. . .
. . .

1 −2 1
1

 , b(z) =


α

h2f(z1)
...

h2f(zN−1)
β

 .

(c) It is clear that A is both diagonally dominant and tridiagonal. The
conclusion follows.

(d) We use Gaussian elimination on the matrix (B c). In each row reduc-
tion step, only the row below is modified, and this row contains only
four elements. The same holds for back substitution steps. In total
there are n rows, resulting in O(n) additions and multiplications.

We now wish to solve (3). Since b depends on z, the equation is nonlinear,
and we cannot solve it directly. Instead, we will use an iterative solver which,
given an initial guess z(0) ∈ RN+1, computes approximations z(1), z(2), · · · ∈
RN+1. To measure the difference between successive iterations (which should
be an indication of the error) we will use the L2-type norm

∥∥z(k+1) − z(k)
∥∥ =

√√√√h

N∑
i=0

∣∣z(k+1)
i − z(k)i

∣∣2.
We will use two iterative solvers: a fixed point iteration and Newton’s method.

Problem 2. Since A is invertible, we can write (3) as

z = A−1b(z). (3’)
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(a) Use (3’) to find a fixed point iteration which approximates z.

(b) Using a programming language of your choice, write a function�

fixedpointODE(f, alpha, beta, N, tolerance)

which takes as input f , α, β, N , and a positive number tolerance,
runs the fixed point iteration from problem (a) until

∥∥z(k)−z(k−1)∥∥ <
tolerance, and returns the final iterate z(k).

(c) Test your code on the two problems

α = 0, β = 1, f(z) = −1 (5a)

and

α = 1, β = 1, f(y) = −y2, (5b)

in both cases using N = 50, z(0) = 0 and tolerance = 10−12.
Include plots of z as a function of x from both runs. (For (5a) you
can compute the exact solution by hand, in case you want to verify
your code.)

(d) Estimate how many floating point operations (flops) each iteration
requires. You only need a rough estimate, such as O(Np) for some p.

Solution:

(a) z(k+1) = A−1b(z(k)).

(b)

1 function [x, z] = fixedpointODE( f, alpha, beta, N, tolerance )

2 % The ODE is y(0)=y0, y(1)=y1, y’’=f(y)

3 maxIter = 100;

4

5 % Set up the solver

6 h = 1/N;

7 x = linspace(0, 1, N+1)’;

8 A = diag(ones(N,1),1) - 2*diag(ones(N+1,1)) ...

9 + diag(ones(N,1),-1);

10 A(1,1)=1; A(1,2)=0;

11 A(end,end-1)=0; A(end,end)=1;

12

13 % Solve the problem iteratively

14 z = ones(size(x)); % Initial guess

15 curErr = inf;

16 iter = 0;

17 while curErr > tolerance && iter < maxIter

18 b = h^2*f(z);

19 b(1)=alpha; b(end)=beta;

20 zNew = A\b; % Fixed point iteration

21 curErr = norm(zNew-z)*sqrt(h);

�Functions can be passed as variables both in Matlab, Python, and other languages.
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22 z = zNew;

23 iter = iter+1;

24 end

25 if iter >= maxIter

26 warning(’Maximum number of iterations exceeded’);

27 end

28 fprintf(’Number of iterations: %d\n’, iter);

29 fprintf(’Error: %e\n’, curErr);

30 end

(c) For problem (5a):

1 >> f = @(y) -ones(size(y));

2 >> [x,z] = fixedpointODE(f, 0, 1, 50, 1e-12);

3 Number of iterations: 2

4 Error: 0.000000e+00

5 >> plot(x, z, ’-o’);

For problem (5b):

1 >> f = @(y) -y.*y;

2 >> [x,z] = fixedpointODE(f, 1, 1, 50, 1e-12);

3 Number of iterations: 17

4 Error: 9.056931e-13

5 >> plot(x, z, ’-o’);

Figure: Fixed point iteration solving (5a) (left) and (5b)
(right).

(d) O(n) for the evaluation of b(z) and O(n) for the matrix inversion,
resulting in O(n).

Problem 3. Alternatively, we can write (3) as

g(z) = 0, where g(z) = Az − b(z). (3’’)

(a) Write down Newton’s method for solving (3’’).

(b) Write a function

newtonODE(f, df, alpha, beta, N, tolerance)

which takes as input f , its derivative f ′, as well as α, β, N , and a
positive number tolerance, runs the Newton iteration from problem
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(a) until
∥∥z(k) − z(k−1)∥∥ < tolerance, and returns the final iterate

z(k).

(c) Test your code in the same way as in problem 2(c).

(d) Estimate how many floating point operations (flops) each iteration
requires. You only need a rough estimate, such as O(Np) for some p.

(e) Based on how many iterations your test runs required, which of the
fixed point iteration or Newton’s method do you think is faster?

Solution:

(a) We have ∇g(z) = A−∇b(z), where

∇b(z) =


0

h2f ′(z1)
. . .

h2f ′(zN−1)
0

 .

The iteration is z(k+1) = z(k) −
(
A−∇b(z(k))

)−1
b(z(k)).

(b)

1 function [x,z] = newtonODE( f, df, alpha, beta, N, tolerance )

2 % The ODE is y(0)=y0, y(1)=y1, y’’=f(y)

3 maxIter = 100;

4

5 % Set up the solver

6 h = 1/N;

7 x = linspace(0, 1, N+1)’;

8 A = diag(ones(N,1),1) - 2*diag(ones(N+1,1)) ...

9 + diag(ones(N,1),-1);

10 A(1,1)=1; A(1,2)=0;

11 A(end,end-1)=0; A(end,end)=1;

12

13 % Solve the problem iteratively

14 z = zeros(size(x)); % Initial guess

15 curErr = inf;

16 iter = 0;

17 while curErr > tolerance && iter < maxIter

18 b = h^2*f(z);

19 b(1)=alpha; b(end)=beta;

20

21 % Newton iteration

22 db = h^2*df(z); db(1)=0; db(end)=0;

23 zNew = z - (A-diag(db))\(A*z-b);

24

25 curErr = norm(zNew-z)*sqrt(h);

26 z = zNew;
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27 iter = iter+1;

28 end

29 if iter >= maxIter

30 warning(’Maximum number of iterations exceeded’);

31 end

32 fprintf(’Number of iterations: %d\n’, iter);

33 fprintf(’Error: %e\n’, curErr);

34 end

(c)

1 function [x, z] = fixedpointODE( f, alpha, beta, N, tolerance )

2 % The ODE is y(0)=y0, y(1)=y1, y’’=f(y)

3 maxIter = 100;

4

5 % Set up the solver

6 h = 1/N;

7 x = linspace(0, 1, N+1)’;

8 A = diag(ones(N,1),1) - 2*diag(ones(N+1,1)) ...

9 + diag(ones(N,1),-1);

10 A(1,1)=1; A(1,2)=0;

11 A(end,end-1)=0; A(end,end)=1;

12

13 % Solve the problem iteratively

14 z = ones(size(x)); % Initial guess

15 curErr = inf;

16 iter = 0;

17 while curErr > tolerance && iter < maxIter

18 b = h^2*f(z);

19 b(1)=alpha; b(end)=beta;

20 zNew = A\b; % Fixed point iteration

21 curErr = norm(zNew-z)*sqrt(h);

22 z = zNew;

23 iter = iter+1;

24 end

25 if iter >= maxIter

26 warning(’Maximum number of iterations exceeded’);

27 end

28 fprintf(’Number of iterations: %d\n’, iter);

29 fprintf(’Error: %e\n’, curErr);

30 end

(d) For problem (5a):

1 >> f = @(y) -ones(size(y));

2 >> df = @(y) 0;

3 >> [x,z] = newtonODE(f, df, 0, 1, 50, 1e-12);
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4 Number of iterations: 2

5 Error: 2.529080e-15

6 >> plot(x, z, ’-o’);

For problem (5b):

1 >> f = @(y) -y.*y;

2 >> df = @(y) -2*y;

3 >> [x,z] = newtonODE(f, df, 1, 1, 50, 1e-12);

4 Number of iterations: 5

5 Error: 1.386668e-16

6 >> plot(x, z, ’-o’);

Figure: Newton iteration solving (5a) (left) and (5b) (right).

(e) O(n) for the evaluation of b(z) and ∇b(z), and O(n) for the matrix
inversion (since A−∇b(z) is still tridiagonal), resulting in O(n).

(f) In problem (5a) the two methods require the same number of steps.
Since the fixed point iteration requires somewhat fewer flops per it-
eration than Newton, the former is probably the fastest. In problem
(5b) the fixed point iteration requires about three times as many
iterations as Newton, making Newton the most efficient.
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