UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: MAT3110/MAT4110 — Introduction to
numerical analysis

Day of examination: 22 January 2026
Examination hours:  0900-1300
This problem set consists of 7 pages.
Appendices: None

Permitted aids: None

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

All 10 part questions will be weighted equally.

Problem 1 Conditioning

Let ||-|| be a vector norm on R™ and for any n x n real matrix A, let

| Ax]

<t ]

[A[l =

be the associated operator norm of A.
Suppose A is nonsingular. Show that for any b,e € R® with b # 0

el Sy lly =]l
< [lAfIA=
bl Il

9

where x and y are solutions of Ax =b and Ay =b + e.

Answer: Subtracting Ax = b from Ay = b + e we find A(y — x) = e.
Taking norms

lell < [1Alllly —xII, [ < |A[[I[bll.

A=Y
I

But then ”L <

B , and the result follows.

Problem 2 Matlab program

Write a Matlab function [L,U] = mylu(A) that computes the LU factoriza-
tion of an n x n matrix A, assuming that no pivoting is required.

Answer:

(Continued on page 2.)
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function [L,U] = mylu(A)

n = size(A,1);
L=zeros(n,n);
U=zeros(n,n);

B = A;
for k=1:n
U(k,:) = B(k,:);
L(:,k) = B(:,k) / B(k,k);

B=B-L(:,k) x Uk,:);
end

Problem 3 Cholesky

Use the Cholesky factorization or otherwise to determine where the matrix

2 8 -4
A=18 21 7
-4 7 10

is positive-definite.

Answer We can use the Cholesky algorithm to determine whether A is
positive definite. By a theorem from the course, A is positive-definite if and
only if it has an LDL” factorization where the diagonal elements of D are

positive.
We initialize Ag = A. In the first step we use the first column of Ay:
2 1
1
11 == 5 8 == 4 5
—4 —2

and the first diagonal element of Ay:

Dl,l == 2
Then we find
1 4 =2
L =14 16 -8},
-2 -8 4
and so
2 8 —4
DLl =|8 32 -16],
-4 —-16 8
and we let
0 0 0
A=Ay — Dy hlf = [0 —11 23
0 23 2

In the second step of the algorithm we set Ds 5 to be the second element of
the second column of A;. Thus Dy5 = —1. Thus A is not positive-definite.

(Continued on page 3.)
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Problem 4 Minimization

Let A be an m x n matrix with m > n and suppose that A has full rank.
Given a vector b € R™, we want to find the unique vector x € R" that
minimizes ||Ax — b||s.

4a QR

What is a QR factorization of A and how can we use it to find x?

Answer: A QR factorization is A = QR where () is an m x m orthogonal
matrix and R is m X n and upper triangular. Then

|Ax —b|| = |[QRx — b = |Q"(QRx — b)|| = | Rx — Q"b.
Next we write R in block form,
_ |’
w= )
where Ry is n X n, upper triangular and non-singular and R, = 0, and we
correspondingly partition () into blocks

Q = [Ql QQ] )
where ()1 is m X n. Then
1Rx—Q"b)|> = || Rix — QTb|"+|| Rax — Q5b|” = | Rix—QTb|*+[|Q7b].

Thus the solution to the least squares problem is the vector x € R" that
solves

Rix = QTb,

and the minimum is

. . _ 10T
min [|Ax — b[| = [|@; b].

4b Normal equations

What are the normal equations for the minimization problem? Describe
briefly how they are derived.

Answer: The normal equations are
AT Ax = A™b.
The are derived by setting the gradient of the quadratic function
F() = 5l Ax — b

to zero.

(Continued on page 4.)
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Since

2
1 m n
i=1 \j=1
aiﬂ?j - bi) Qik

m
CL'kCLijIj— E aikbi
=1

(ATA)ijj — (A"b);

8:ck

m

- 1

1 =1

Il
.
3

J
(ATAX — ATb),.

Problem 5 Matrix norm

Recall that the 2-norm of a real n X n matrix A is
A
||A||2 max H XH2
]2

where x = (21,...,2,) in R” and

n 1/2
Il = (Zx?) |
=1

Using the singular value decomposition of A, show that the 2-norm of A
equals o1, the largest singular value of A.

Answer: The SVD of A is

A=USVT",
where U, S,V € R™" U, V are orthogonal, and S is diagonal with diagonal
elements oy, ...,0,, the singular values of A, where o1 > 09 > -+ > 0,.

Therefore,

|All2 = maxw _ maxw
x7#0 ”XH2 x£0 HXHQ )

because U is orthogonal. Letting x = Vy,

ISyll2 _ 15y |2
= max )
W Vyll ¥4 [yl

because V is also orthogonal. Therefore

n 1/2
|All; = max (M) _

[A]l2 =

y£0 \ D yi
Therefore,
[All2 < 01
and the inequality is equality because we can choose y = (1,0,...,0).

(Continued on page 5.)
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Problem 6 Polynomial interpolation

The divided difference f|xg,z1,...,2,] of a function f at the distinct
points xg, x1,...,x, is the leading coefficient of the polynomial p of degree
at most n that interpolates f at xg,z1,...,7,. Using the Lagrange
form of p, or otherwise, find f[zg,x1,...,2,] as a linear combination of

f(xo), f(1), s fln).

Answer: The Lagrange form of p is

Therefore, writing
p(z) = cpa™ + Cr1 @ 4

we see that the leading coefficient of p is

6= [ ;= f)

=0 j=0
J#i

which is therefore the desired formula.

Problem 7 Newton’s method

We want to solve the equation

for « where ¢ is a given positive real number.

7a
If {x}} is the sequence generated by Newton’s method, show that
223 + ¢
Tpp1 = 307 k=0,1,2,.... (2)
Answer: Newton’s method is
f (@) k=0,1,2,....

e =R e

Since f(xy) = 23 — c and f'(z;) = 322, the result follows.

(Continued on page 6.)
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b
If z, > 0 is the root of f in (1), and the k-th error is e, = z) — x,, find
. €k+1
dm = (3)

What does this say about the rate of convergence?

Answer: Since ¢ = 22, we find

3, .3
2oy +wy

Cp+1 = 3—95,3 4o

1
= @(237% + 22 — 3x3x,)
k
1
= (zp — 22)2 (24 + 223) = €5

Ty + 22
3x2 3x2

So
. Gkl 1
lim s = -
k—o0 €L €Ty
Since z, # 0, exy1 ~ ei/x, for large k and so the method has quadratic
convergence.

Problem 8 Gradient descent

Suppose

1
F(x) = =xTAx —x"b
2

from some positive definite matrix A € R™*™ and vector b € R™, Suppose we
want to find the unique minimum x* € R" of F' using a descent method. If
X is the current approximation to x*, the next approximation has the form

x' =x+wd,

where d is the search direction.
If
g=VF(x)=Ax—b

denotes the gradient of F' at x, what is the descent condition on d? Assuming
the descent condition holds, find x’ by minimizing F’ in the direction d.

Answer: The descent condition is that

d
—F d =d7 .
{dw (x +w )LO g<0

(Continued on page 7.)
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We minimize the quadratic polynomial F'(x +wd) with respect to w. By the
definition of F',

F(x+wd) = %(x +wd)"A(x + wd) — (x + wd)"b
:%fﬂx+wfﬂx+%ffﬂd—fb—w¥5
= F(x) +wd’g + %wszAd.

The minimum of the quadratic is attained when

%F(x—i—wd) =0,

i.e., when

dTg +wd”Ad = 0,
which implies that

__d's
- dTAd’
which is positive if the descent condition holds. Thus
d’g
x =x— A dd.

Good luck!



