Lecture 1. Introductory material

Michael S. Floater
August 29, 2024

These notes are based on Chapter 1, Sections 1.3-1.9, of ‘A concise in-
troduction to numerical analysis’ by A. C. Faul.

1 Absolute error and relative error

Suppose that x is a real number and let z* denote the floating-point repre-
sentation of x. We define the absolute error € as

e=x" —ux,

and the relative error ¢ as

assuming x # 0.

The absolute and relative errors are zero if and only if  can be represented
exactly in the chosen floating-point representation.

In floating-point arithmetic, relative error is a better measure of error
than absolute error. For example, let

r=1.001 x 10> and y = 1.001 x 10°

and suppose we are using floating-point arithmetic with three-digit accuracy.
Then,
r* =1.00 x 10> and y* =1.00 x 10°.

The absolute errors of x* and y* are quite different:

ez = —0.001 x 10* = =1 and ¢, = —0.001 x 10° = —0.001.
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Howevever, the relative errors are the same:

I

T
X

~—0.999 x 107 and 4§, = <~ —0.999 x 1073,
y

2 Forward and backward error analysis

Forward error analysis examines how perturbations of the input propogate.
For example, consider the function f(x) = 2% Let 2* = z(1 + §) be the
representation of x, where 0 is the error of z* relative to x. Then

fa®) = (2")* = 2*(1+4)"
= 22(1+ 20 + 6%)
~ 2%(1 + 20),

Thus the error of (z*)? is approximately double the error of z*.

Forward error analysis often leads to pessimistic overestimates of the er-
ror, especially when a sequence of calculations is performed. Sometimes
errors average out, since an error in one calculation can get reduced by an
error of opposite sign in the next calculation. This is one reason to prefer
backward error analysis. Another is that it is often easier than forward error
analysis.

Backward error analysis examines the question: How much error in input
would be required to explain all output error? It assumes that an approx-
imate solution to a problem is good if it the exact solution to a nearby
problem. Consider the previous example. The output error can be written
as

[f(@)]" = (%) = 2*(1 +p),

where p is the relative error of the output. Since p is small, there is some p
such that (14 p)%> =1+ p, and |p| = |p|/2. Now

[f(@))" = 2*(1+ p)*
= [la(1+p)l.



3 Loss of significance
If § = (2" — ) /x, then z* = z(1 4 ). Suppose now that

‘CE}{ = $1<1 + pl)a
x5 = x2(1 + pa).

Then

2y Xy & (21 X 22)(1 4+ p1 + p2),
wy/xy = (21/22)(1 + p1 = p2),
and thus the relative errors of multiplication and division are no worse than
|p1]| + |p2|. Similarly, the relative error of computing z7 for some integer n is
no worse than n|p;|.

On the other hand, the relative error of addition and subtraction can be
significant. Since

i+ x5 =x1 + T2+ (T1p1 + T2p2),
Ty — x5 =11 — Ty + (T1p1 — Tapa),

the absolute errors are bounded by |z1||p1| + |z2||p2|. However, consider the
relative error of the addition,

T1p1 + Tap2
T+ T2 '

If z1 and x5 are two similar numbers of opposite sign, the relative error could
be very large compared to the size of p; and py. This problem is known as
loss of significance. The same thing can occur with subtraction when x; and
Zo are similar numbers of the same sign, since the relative error is then

T1p1 — T2pP2
X1 — T2 '

4 Robustness

An algorithm is robust if for any valid data input which is reasonably repre-
sentable, it completes successfully. This is often achieved at the expense of
time. For example, consider computing the roots of the quadratic equation

ar’ +bxr +c=0.



The formula for one of the roots is

—b+ Vb? — 4dac
r = )

2a

This will not be a robust algorithm (formula) if, for example, b > 0 and is
much larger than a and ¢, due to loss of significance in the numerator. In
this case, a robust alternative formula is

—2c

b+ b2 — dac

xr =

5 Error testing and rate of convergence

Many algorithms find an approximation to the solution by iteration. Consider
a sequence of iterations xg, x1, To, ... to the true solution x. We define the
absolute error of the n-th iteration as

€n = Ty — .
The sequence converges to the limit x if

lim ¢, = 0.
n—oo

It is typical to use either an absolute target accuracy ¢; and terminate the
iteration when
len| < e,

or a relative target accuracy d; and terminate the iteration when

Alternatively, one could use a combination of the two stopping citeria and
terminate when
l€n] < me(1 4 |2n),

for some target accuracy 7.
However, = is unknown, and so we can only estimate ¢,. A simple ap-
proach is to estmate €, by

€n X Ty — Tp—1,
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although it might be far from the real error. An improvement might be
€n = ’xn - 90n71’ + ’xnfl - xn72|-

However, in many problems, convergence can be tested independently, for
example, when the inverse of a function can be easily calculated (calculating
the square instead of the square root, and so on).

The rate of convergence is p, p > 1, if there is a constant C' such that

€n—|—1

e

lim

n—oo

=C.

This is often expressed as
lent1] = O([enl”),

or, in other words,
lénta] = Clenl”,

for sufficiently large n. Thus the error in the next iteration is approximately
the p-th power of the current iteration error times a constant C'. For p =1
we need to have C' < 1 for convergence. For p > 1, this is not necessary.
Convergence with p = 1 is known as linear convergence. Convergence with
p = 2 is known as quadratic convergence. Convergence with 1 < p < 2 is
known as superlinear convergence.

6 Computational complexity

We would prefer an algorithm that is not only robust and have a fast rate of
convergence, but it should also have a reasonable computational complexity,
so that the algorithm does not become too slow for large problems.

For example, consider matrix calculations. Suppose A = (4;;) and B =
(Bjj) are two n X n matrices and we want to compute their matrix product
C = (Cyj). For each element in C', we have to calculate

Cij = > AuB,
k=1

which requires n multiplications and n — 1 additions. Since there are n? ele-
ments in C, the total number of operations required is n® multiplications and



n*(n — 1) additions. Counting multiplications and additions (and divisions
and subtractions) as flops (floating-point operations) we have a total of

n® +n*(n—1) flops.

We are mainly concerned here with the computational complexity when n is
large. Since
n® +n*(n—1) <2n®

it follows that the computational complexity is O(n?) as n — oo.

Exercise 1.3 Let A be an n X n nonsingular band matrix that satisfies the
condition A;; =0 for |i — j| > r, where r is small, and suppose Gauss elim-
ination is used to solve Ax = b. Deduce that the total number of additions
and multiplications required is bounded by a constant multiple of nr?.

7 Condition

The condition of a problem is inherent to the problem independent of the
algorithm used to solve it. The condition number of a numerical problem
measures the asymptotically worst case of how much the outcome can change
in proportion to small pertubations in the input data.

e A problem with a low condition number is well-conditioned.

e A problem with a high condition number is ill-conditioned.

7.1 Function evaluation

Consider the problem of evaluating a function f at a point x, and let Z be a
point close to x. The relative change in x is

A

r—XT

)
T

and the corresponding relative change in f(z) is

f(&) = f(=)
fle)



The condition number of the evaluation is the limit of the relative change in
f(z) divided by the relative change in x as & tends to x. If f is differentiable

we find
f(&) — f(z) / rf'(x)
/() flx) |
For example, for f(z) = /z, we find K(z) = 1/2 for all z, and so the

conditioning is the same for all z: the perturbation of the output is half of
the perturbation of the input. On the other hand, if f(z) = 1/(1 — ) then

T —x

K(x) = lim

T—x

T

K(:v):‘ °

1—2x|’

and so the evaluation is ill-conditioned for x close to 1. For example, if
x = 1.000001 then K (z) = 1.000001 x 10°.

Exercise 1.5 FEzxamine the condition of evaluating cosx.

7.2 Solving a linear system

Suppose next we want to solve the linear system Ax = b where A = (A4;,)
is an n X n matrix. We examine the condition number of A associated with
this system. A large condition number means that a small perturbation in
the right hand side b may cause a large error in x.

The condition number is defined to be the maximum ratio of the relative
change in x divided by the relative change in b over all possible b. Let e be
a perturbation in b. Then the relative change in b is

lell/Ibll = llell/l Al

where || - || denotes some vector norm. We will see below how different vector
norms lead to different condition numbers.

Assuming that A is invertible, then x = A~'b and the perturbation in x
is

Al b+e)—A'b=A""e

Thus the relative change in x is

1A ell/l1x]-



Hence the condition number is

AL AL A
) = A A
xeto x|/ Ax] e el %A [fx|
Recall that the matriz norm || - || induced by the vector norm || - || is defined
to be 4
4] = max [Av]l
vl

Hence, we conclude that
K(A) = [JA7H] x [IA].-

The smallest possible value of the condition number is K (A) = 1 which occurs
when A is the identity matrix. In general, K(A) > 1, and the conditioning
of A is worse the larger K (A) is.

7.3 The 2-norm

Recall that the 2-norm or Euclidean norm of a vector x = (z1,...,x,) is

n 1/2
Il = (Zx?) |
=1

Then the induced matrix norm is defined to be

A
Al = max 121
v20 |v]ls
It can be shown that
HA”? = UmaX(A)v

where o, (A) is the maximal singular value of A. Similarly, it can be shown
that
1A ]2 = omin(4) 7"

It follows that
Tmax(A)
Umin(A> .

Recall that the singular values of a matrix A are the square roots of the
eigenvalues of the matrix A”A where AT denotes the transpose of A. In

K2(A) =
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particular, A is a normal matriz if ATA = AAT. For example, a symmetric
matrix is normal. If A is normal then

>\max<A)

K2(A) = —)\min(A) )

where A\pax(A) and Apin(A) are the maximal and minimum modulus eigenval-
ues of A. The matrix A is orthogonal if AT A = I, in which case Ky(A) = 1.

7.4 The oco-norm

The oo-norm of the vector x is

-----

and the induced matrix norm is defined to be

| AV
A = max ————.
| Alloo T

It can be shown that

..... n
7=1

n
[Allee = max > 1441,

the so-called ‘maximum row sum’ of A. We can use this to compute K (A)
if we know A~

7.5 Example

Consider the linear system

404 60 I . bl
60 4 I o bg ’
The matrix has eigenvalues A\; ~ 412.8 and Ay &~ —4.8. Suppose that e in
(1) is the eigenvector belonging to Ay. Then
A el| _ [[A3'e]]

— — |)\2|—1'
el el




Conversely, suppose that x in (1) is the eigenvector belonging to A;. Then

[Ax]_ [IAx]]

- = M)
B [[x]|
This is the worst-case scenario and we find
A
K(A) = M ~ 85.9.
Az

Exercise 1.7 Let
Ao {1000 999}

999 998

Calculate A™Y, the eigenvalues and eigenvectors of A, Ko(A), and Ko (A).
What is special about the vectors [1,1]T and [-1,1]7?

An example of a notoriously ill-conditioned matrix is the Hilbert matrix
H = (H;;), whose entries are

1
-1

If n is the dimension of the matrix, the condition number is of order O((1 +

V2)4 /\/n) as n — oo.

10



