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These notes are based on Sections 2.6 and 2.9 of the book.

1 The Gram-Schmidt Algorithm

There is no unique way to construct a QR factorization. The simplest, con-
ceptually, is the Gram-Schmidt algorithm. We continue to assume that the m
columns of A are linearly independent. The initial task is to find orthonormal
di,---,qn, and coefficients R;  such that

k
ag :ZRi,qu‘, k= 17"'7m7 (]')
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First, the case k =1 of (1) is
a; = Rl,l(h-

Since a; # 0, we can solve this by letting q; = a;/||a;|| and Ry1 = ||a]|.
Next, the case k = 2 of (1) is

ay = Ry »q; + Ro2qo. (2)
To solve this, we form the vector

w = as — (q1,a2)q;.



It is by construction orthogonal to q;. Since a, a, are linearly independent,
w # 0. Then we set g2 = w/||w||. Then, q; and qy are orthonormal.
Furthermore,

ay = (q1,a2)q1 + W = (qi, a2)q1 + ||w||q2,

and so we obtain (2) by letting Ry 2 = (qi,as) and Rys = ||w||.
The general k-th step is similar. For £ =1,... ,m,

1. let

2. let

ar = w/|wl,
Ri7k:<qi,ak), izl,...,k—l,
Riy = [|w].

We have now constructed the first m columns of () and the first m rows
of R, and thus we have the intermediate factorization

Rig Rip -+ Rip
[al T am] = [ql qm} 0 Ri.272 . :
0 . 0 Ryn

To complete the factorization, we choose, independently of A, any unit
vectors quui1, - - - , qn that, together with qi, ..., q,, form an orthonormal set
qi,---,qs. This can be done using Lemma 2.2 of the book. We make the
remaining n — m rows of R zero.

2 Example with n =m =3

We find the QR factorization of

21 =3
A=10 0 -1
01 4



Step 1. Let w = a;. Then

W 1

R T B

0

and Ry = ||w| = 2.
Step 2. Let

1 1 0
w=a; — (q,a)q; = [0 — |0] = |0
1 0 1

Then g2 = w and

R1,2 = <Q1732> =1,
RQQ = ||W|| = 1

Step 3. Let
1 0

w =az—(qi,a3)q; —(qqz,a3)qe = |—1| —(=3) |0| =4 [0] = |1
0 1

Then q3 = w and

Ry 5= (qi,a3) = —3,
Rz,3 = <Cl2, 33> =4,

Ry3 = ||lw]| =
Thus,
21 -3 1 0 O 21 -3
00 -1 =10 0 -1 01 4
01 4 01 0 00 1

3 Example with n =3, m =2

We find the QR factorization of

A:

)
)



Using steps 1 and 2 of the previous example we obtain the intermediate
factorization
2 1 10
0 0l =100 {2 1] .

01 0101

To complete the QR factorization, we choose any qsz such that qi, q2, qs are
orthonormal. For example, we can take q3 = [0, 1,0]?. The QR factorization
is then

S O N

1 10
0O =10 0
1 0 1

o = O
S O N

1
1
0

4 Linear least squares

Consider the linear system Ax = b where A is an n X m matrix and x € R™
and b € R". Suppose that n > m. Then the system is over-determined.
There are too many equations with respect to the number of unknowns.
This situation occurs frequently: we might obtain the equations from n ob-
servations and we want to build an m-dimensional linear model with m much
smaller than n. In statistics this is known as linear regression.

The simplest approach is to seek x € R™ that minimizes the Euclidean
norm ||Ax — b||. This is known as the least-squares problem.

Theorem 1 The vector x € R™ minimizes ||Ax — b|| if and only if it mini-
mizes ||QQAx — Qbl|| for any orthogonal matriz €.

Proof. Since €1 is orthogonal, if v is any vector in R",
Qv = vIQT Qv = viv = ||v|>.
Therefore, for any x € R™,
|QAx — Qb|| = [|[Ax — b||.
O

Suppose now for simplicity that A has (full) rank m, i.e., its m columns
are linearly independent. Let us see how we can use a QR factorization of A
to solve the least squares problem. We let 2 = Q7 in the theorem so that

|Ax = b||* = [|Q" Ax — Q"b|* = | Rx — Q"b]*.

4



Next we write () and R in block form,

o=lo @, r=|7].

where ()1 € R™™, @, € R™™™ Ry € R™™ and upper triangular, and
0 € R*™™ Then
A=QR =011y,

and A = Q1R is the ‘reduced @QQR-factorization’ of A (the ‘intermediate
factorization’ we saw earlier resulting from the first part of the Gram-Schmidt
algorithm).

Now we find that

T
e [1]- g

Thus the solution to the least squares problem is the vector x € R™ that
solves

2

= [[Rix — Qb|* + @ blI*.

R1X = Q{b,

and the minimum is

. . _ T
min || 4x — b = [ QFb].

5 Exercises about orthogonal matrices

Exercise 1 Show that if Q) is an n X n orthogonal matriz and x is a vector
in R™, then ||Qx|| = ||x||, where || - || is the Euclidean norm (2-norm) in R".

Exercise 2 Show that if QQ and P are n x n orthogonal matrices then P(Q)
15 also orthogonal.

Exercise 3 Show that the matrix

Q= |:COSQ —sinﬁ}

sinf cos®

1s orthogonal for any 0 € R. What is its determinant? What is the result
Qx of applying Q to x = r[cosa,sinal”, forr >0 and o € R?

Exercise 4 What is the inverse of Q in Ezercise 3?2 What is Q™ 'x when
x = r[cos a, sina]T ?



Exercise 5 If
j {cosﬁ —sin 61

sinf  cospf

and Q is as in Ezercise 3, what is PQ?

o=l |

Te

Exercise 6 Is the matriz

orthogonal? What is Qx when x = [x1, x3)

Exercise 7 Suppose ry,...,r, and sy,...,8, are two sets of orthonormal
vectors in R™. Show that the matrix

(ri,s1) (r1,82) -+ (r1,8,)
0= <r2,‘sl) (r27'52> e <r2,'sn>
(rn,s1) (rn,s2) -+ (rn,Sp)

15 orthogonal.



