UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: MAT3110/MAT4110 — Introduction to
numerical analysis

Day of examination: 17 December 2025
Examination hours:  0900-1300

This problem set consists of 6 pages.
Appendices: None

Permitted aids: None

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

All 10 part questions will be weighted equally.

Problem 1 Lower triangular matrix

Let A be a non-singular lower triangular n x n matrix.

1la

Write a Matlab (or python) routine function x=forwardsolve(A,b) that
returns the solution x € R” to the linear system Ax = b, given b € R".

Answer: The i-th equation is

7
E aijxj = bi,
Jj=1
and so
i—1
€Tr; = (bz — E aija:j)/aii.
Jj=1

Here is the code:

function x=forwardsolve(A,b)
n=length(b); x=b;
x(1)=b(1)/A(1,1);

for i=2:n
s = A(i,1) * x(1);
for j=2:i-1
s =s + A(i,j) * x(§);
end

(Continued on page 2.)
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x(1)=(b(i)-s)/A(i,1);

end

1b

How many flops are required to compute x?

Answer: To compute z; requires one division. To compute z; for ¢ > 2
requires :— 1 multiplications, :—2 additions, one subtraction and one division,
a total of 2¢ — 1 flops. So the number of flops required to compute x is

i(%—l):Q(iz)_nzgn(nTm_n:n;

i=1 =1

Problem 2 Cholesky

Find the Cholesky factorization, LDL”, of the matrix
2 —4
a=40)

Answer We initialize Ag = A. In the first step use the first column of Ag:

w=a 3=

and the first diagonal element of Ay, D;; = 2. Then
1 -2
T _
Ll = [—2 4 } ’

2 —4
Dl,llll{ = |:_4 8 :| )

Is A positive definite?

and

and

a4 r 100
A1 = AO D1711111 = |f) 3:| .

In the second step we set

and Dy9 = 3. So
1 0 2 0
=) e-e)
By a theorem from the course, since A is symmetric, A is positive definite

if and only if it has an LDLT factorization in which the diagonal elements
of D are positive. Since Dy, Doy > 0, A is positive definite.

(Continued on page 3.)
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Problem 3 Iterative scheme

Consider the linear system Ax = b where A is a non-singular n x n matrix
and b is a vector in R™. An iterative scheme for solving the system can be
derived from a splitting matrix B. What is then the iterative scheme and
what is the condition on A and B to guarantee convergence?

Answer: We subtract Bx from each side so that
(A— B)x=—-Bx+b.
The associated scheme is then
(A—B)x*) = _Bx® 4+ b k=0,1,2,...,

with x(© the initial guess.
Let the error in x*) be e®) := x(*) — x. Then

(A — B)e*t) = —Be®

and so
elF+1) _ He(k),

where
H:=—-(A- B)*lB.

By a theorem from the notes, the error vectors e®) converge to zero as k — 0o

if and only if p(H) < 1, where p(H) is the spectral radius,
plIT) = s

.....

and the \; are the eigenvalues of H.

Problem 4 Polynomial interpolation

The Chebyshev polynomial of degree n > 0 is

T, (z) := cos(n arccos z), -1<z <1,

4a

Derive a formula for 7},, 1 as a function of T,, and T},_1, and use it to find T5.

Answer: Let n > 1 and let 6 := arccosz. By the angle sum identity for the
cosine function,

Ths1(x) = cos(nf + 0) = cos(nb) cos(f) — sin(nb) cos(h),

T,—1(x) = cos(nf — @) = cos(nh) cos(h) + sin(nb) cos(h).
So,

Toi1(z) + Thoi(z) = 2cos(nb) cos(0) = 22T,(x),
and
Toi1(x) = 22T, (z) — Ty ().
Letting n = 1 gives
Ty(z) = 22 — 1.

(Continued on page 4.)
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4b

What are the zeros of 7, and why are they suitable for polynomial
interpolation?

Answer: The zeros of Ty are £1/4/2. If we interpolate a function f by a
linear polynomial p at points z¢ and z; in [—1, 1], then the error at € [—1, 1]
is given by

f"(€)

e(r) = Tw(a:),

for some £ € [—1, 1], where
w(z) := (z — x0)(z — x1).

The maximum norm of w in [—1,1] is minimized by choosing the z; to be
the zeros of Ty, i.e., x; = £1/ V2. Thus we can expect a small interpolation
error with this choice.

Problem 5 Bernstein basis

A Bézier curve of degree d in R? is a parametric curve

d
p(t):=Y Bialt)e;, 0<t<1,
i=0
with control points ¢y, c1,...,cq € R? and

Bi4(t) :== (d> (1 — 1),

]

Show that the length of p is bounded above by the length of its control
polygon (the polygon passing through its control points). Hint: you can use
the fact that

d—1
p'(t) = dz Bia-1(t)(ciy1 — ci).
i=0
Answer: The length of p is

L(p) = / 1o/ (0)] dt,

where || - || is the Euclidean norm in R?. By the formula for p’,

d—1
I/ (8)l = || > Bia1(B)(ciet — )
=0
d—1

< dz |Bia—1(t)|llciv1 — <],

1=0

(Continued on page 5.)
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by the triangle inequality for the Euclidean norm. So
d—1 1
L) <Y [ Buaa®]dilen -
i=0 /0
Since B;4-1(t) > 0 for 0 <t < 1, and since

1
/ Biga(t)dt =1/d
0

(by a theorem from the course notes), we conclude that

U

~1
L(p) < ) lleits — il

%

I
o

Problem 6 Newton’s method

6a

Given f : R — R, what is Newton’s method for finding a root x, of the
equation f(x,) =07

Answer: Newton’s method is

f(xr) i

T )

=0,1,2,...,

where x is an initial guess.

6b

Let
f(z) = 2%z + 1), z € R.

What is the expected order of convergence to the root z, = —17 Determine
the order of convergence to the root z, = 0.

Answer: Let e, := x;, — z,. From the course notes,
Eri1 ~ C’ei
as Ty — T, as long as f’(z,) # 0. Since
f(z) = 32 + 2u,

f'(—=1) =1+ 0 and so the convergence to z, = —1 is quadratic.
For the convergence to z, = 0, Newton’s method is

i (zp + 1) 20, +1 1
Thy1 = T — = N —T
TR 32 400y, MBm+2 0 270
for z; close to 0. Thus the method finds the root z, = 0 with linear

convergence.

(Continued on page 6.)
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Problem 7 Gradient descent

Suppose A is a symmetric positive definite n x n matrix and b € R™. The
gradient descent method attempts to solve Ax* = b by iteratively minimizing

1
F(x) = éxTAx —x'b, x € R".

If x is the current approximation to x*, we choose a direction d € R™ such
that d”VF(x) < 0 and the new approximation is

, B dTVF(x)

X = T Ad d.

Show that the new gradient, VF'(x'), is orthogonal to d.
Answer: The gradient of F' is

VF(x) = Ax — b.

Therefore

, , d’VF(x)
VF(x') = Ax —b:Ax——dTAd Ad — b,
and so
d"VF(x)
T / T T T

=d'Ax - d'VF(x) —d’b
=d’(Ax — VF(x) —b)
=d’0=0.

Good luck!



