Lecture 3: Cholesky and QR

Michael S. Floater
August 29, 2024

These notes are based on Sections 2.4-2.5 of the book.

1 Cholesky factorization

Let A = [A;;] be an n x n symmetric matrix, i.e., such that A;; = A;; for
i,7=1,...,n. A Cholesky factorization of A is a factorization A = LDLT,
where L is lower triangular with ones on its diagonal and D is a diagonal
matrix. Expressing L using its columns this means that

Dy, 0o --- 0 .
0 D L =
A= 1] 0 T ] = Drslidf
: : -0 17 k=1
0 - 0 Dpn

This requires roughly half the storage required by an LU factorization. The
algorithm is similar to that of LU:

e Initialize Ay = A.

e For k = 1,...,n, let 1 be the k-th column of Ay_; scaled so that
Lk,k = 1. Let Dk,k = (Akfl)k’k and calculate Ak = Ak,1 - Dk,klklz

As we saw with LU, this algorithm is not always valid since it assumes
that (Ax_1)kr # 0 for each k.
As an example, we find the Cholesky factorization of

A:[i g}
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We initialize Ag = A. In the first step we use the first column of Ag:

=301

and the first diagonal element of Ay:

D171 - 3
Then we find
117 — 1 4/3
71473 16/9)
and so
r |3 4
Diahly = {4 16/3} ’
and we let

0 O
A1 = AO — Dl,llllf = |:O 2/3:| .

In the second step we use the second column of Aj:

(8-

and the second diagonal element of A;:
D272 == 2/3

This completes the factorization:

G R 11 A | A

Two more examples are
-3 4| 1 o [-3 0 1 —4/3
4 6| |[—4/3 1|0 34/3|10 1|7

R S A

Recall that A is positive definite if xT Ax > 0 for all x # 0.

and
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Theorem 1 Let A be a real n x n symmetric matriz. It is positive definite
if and only if an LDLT factorization exists where the diagonal elements of
D are all positive.

Proof. Suppose first that A = LDL” with D;; > 0 for i = 1,...,n and let
x # 0. Since L has ones on the diagonal, it is nonsingular and so y = LTx
is nonzero. Hence

x'Ax = y' Dy = Z Di,iyf > 0,

=1

and A is positive definite.

Conversely, suppose A is positive definite. Let e, € R™ denote the k-th
unit vector. Firstly, A, = el'Ae; > 0 and so 1; and D, ; are well-defined
with D7 > 0. To complete the proof we will show that (Ax_1)kx > 0 for all
k =2,...,n and hence that 1, and Dy are well-defined with Dy ; > 0. We
proceed by induction on k, and assume that

k-1

Ak—l - A - Z Dmlll;r
=1

has been computed successtully, with Dy 1,..., Dy_1,-1 > 0. Let x € R" be
such that 441 = 2440 = =2, =0, 24, = 1, and z; = — Zf:jﬂ L; jx; for

j=k—1k—2,...,1. With this choice of x,

n k k
i=1 i=j

i=j+1

Since the first kK — 1 rows and columns of A;_; and the last n — k components
of x vanish and x, = 1, we have

k—1
(Ap—1)pr = X Ap_1x = xT (A ) DL} > P
=1

k—1
= x"Ax — Z DM(IJTX)2 = xTAx > 0.
i=1



The conclusion from the theorem is that we can check whether a sym-
metric matrix is positive definite by attempting to calculate its LDLT fac-
torization. Moreover, if A is indeed positive definite, we can define D'/? as

the diagonal matrix where (DV/2)y ) = /Dyx. Then DY2DV? = D and so
we obtain the alternative Cholesky factorization

A= RRT,
where

R =LD"?.

2 QR factorization

Now we consider a different way to factorize a matrix which applies both
to square matrices and to rectangular matrices where the number of rows is
greater than the number of columns.

The scalar product of two vectors x,y € R" is

(x,y) = szyz—xy y'x.

The scalar product is a linear function of both x and y: for any x, y, z in
R"™ and «, 8 € R,

{ox + By, z) = a(x,2) + 5(y, 2).

The norm or Fuclidean length of x € R" is

N 1/2
Il = (z ) 30
=1

The norm of x is zero if and only if x is the zero vector.
Two vectors x,y are orthogonal to each other if

(x,y)=0.

A set of vectors qi,...,q, € R" is called orthonormal if

1, k=1
; — ’ ’ k.l=1,...,m.
<Qk Qz> {07 k£, m
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Let @ = [q1---qy] be an n x n real matrix. It is called orthogonal if its
columns are orthonormal. It follows from (Q7Q)r; = (qk, q) that QTQ =1
where [ is the identity matrix. Thus @) is nonsingular and the inverse exists,

—1 = Q7. Furthermore,

QT =Q'Q=1.

Therefore the rows of an orthogonal matrix are also orthonormal and Q7 is
also an orthogonal matrix. Further,

1 = detl = det(QQ") = detQdet(Q") = (detQ)?

and we deduce
det@ = +1.

Lemma 1 If P,(Q are orthogonal, then so is PQ).
Proof. Since PTP = QTQ = I, we have
(PQ)T(PQ) = (QTP")(PQ)=Q"(PTP)IQ=Q"Q = 1.
O

Definition 1 (QR factorization) Let A be a real nxm matriz with m linearly
independent columns, n > m. The QR factorization of A has the form
A = QR, where Q is an nxXn orthogonal matriz and R is an upper triangular
n x m matriz (i.e., R;j; =0 fori>j).

Denoting the columns of A by aj,...,a, and the columns of ) by

di,---,9, € R" we can write the factorization as
[Rin Rip -+ Ruim]
0 RQ,Q :
[ an]=fa @)oo e 00 Ry
0 . 0
0 . 0 |




Then
k
ag :ZRi,kqia k= 17"'am7 (1>
=1

so the k-th column of A is a linear combination of the first & columns of Q).

The Q)R factorization can be used to solve Ax = b when A is n x n. We
first solve Qy = b by letting y = QTb. We then find x that solves Rx =y
by back substitution.

3 Exercises

Exercise 2.6 Calculate the Cholesky factorization of the matrix

110000
121000
012100
001310
000131

0000 1 A

Deduce from the factorization the value of X which makes the matrixz singular.

Exercise 2.7 Let ay, as, ag be the columns of the matriz

3 6 -1
—6 —6 1
2 1 -1

Using the Gram-Schmidt procedure, generate orthonormal vectors qi, qz, qs
such that a; = Zle Rixa;, k = 1,2,3. Thus express A as the product
A = QR where Q) is orthogonal and R is upper triangular.



