
Matrix norms

Michael S. Floater

October 13, 2011

These notes support the chapter on matrix norms.
For a matrix A ∈ Cm,n, we define, for p ≥ 1,

‖A‖p = max
x 6=0

‖Ax‖p

‖x‖p

.

Theorem 1

‖A‖1 = max
j=1,...,n

m
∑

i=1

|aij|.

This is the ‘maximal column sum’ formula.

Proof. Let

K = max
j=1,...,n

m
∑

i=1

|aij|.

Then, for any x ∈ C,

‖Ax‖1 =

m
∑

i=1
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|aij ||xj| ≤ K‖x‖1.

Therefore, ‖A‖1 ≤ K.
On the other hand, there is some r such that

K =
m

∑

i=1

|air|,
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i.e., column r has maximal ℓ1 norm among the columns of A. Let x = er.
Then,

‖Ax‖1 =
m
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|air| = K.

Therefore, ‖A‖1 ≥ K, because ‖x‖1 = 1. 2

Theorem 2

‖A‖∞ = max
i=1,...,m

n
∑

j=1

|aij|.

This is the ‘maximal row sum’ formula.

The proof is similar.

Proof. Let

K = max
i=1,...,m

n
∑

j=1

|aij |.

Then, for any x ∈ C,

‖Ax‖∞ = max
i=1,...,m
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i=1,...,m

n
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|aij||xj | ≤ K‖x‖∞.

Therefore, ‖A‖∞ ≤ K.
On the other hand, there is some r such that

K =
n

∑

j=1

|arj|,

i.e., row r has maximal ℓ1 norm among the rows of A. Let

x = [sgn(ar1), . . . , sgn(arn)]T ,

where

sgn(a) :=
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
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1 a > 0;

0 a = 0;

−1 a < 0.

Then,
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Therefore, ‖A‖∞ ≥ K, because ‖x‖∞ = 1 (unless A = 0). 2
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