UNIVERSITY OF OSLO

Faculty of mathematics and natural sciences

Exam in: MAT3110/MAT4110 — Introduction to
numerical analysis

Day of examination: 4 December 2024
Examination hours:  0900-1300

This problem set consists of 6 pages.
Appendices: None

Permitted aids: None

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

All 10 part questions will be weighted equally.

Problem 1 Back substitution

Let A = [a;;] be a real n x n matrix with the property that a,; = 0 whenever
j<torj>i+ 1.

la

When is A non-singular?

Answer: The condition that a;; = 0 for 7 < 7 means that A is upper
triangular and so A is non-singular if and only if a; # 0 for all i =1,... n.
1b

Recall that a flop is an addition, subtraction, multiplication, or division.
Assuming that n > 2 and that A is non-singular, exactly how many flops
are necessary to compute the solution x € R™ to the linear system Ax = b,
given b € R"?

Answer: We use back substitution:

1
Tp = _bn7
QAn.n
1
Tp—1 = (bnfl - anfl,nmn%
Ap—1,n—1
I = —(bl — CLLQIQ).
11

Thus there are 1 + 3(n — 1) = 3n — 2 flops required.

(Continued on page 2.)
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1c

Write a Matlab (or python) routine function x=backsolve(A,b) that
returns the solution x to the linear system Ax = b.

Answer:

function x=backsolve(A,b)

n=length(b); x=b;

x(n)=b(n)/A(n,n);

for k=n-1:-1:1
x(k)=(b(k)-A(k,k+1)*x(k+1))/A(k,k);

end

Problem 2 LU

Find the LU factorization of the matrix

a=5 3]
Answer Let
.
Then
wd = [ 23
and

0 0
Al ::A—llu{: |:0 8:|

o] o
8] (1]
So A = LU where
10 ul’] 2 —1
L=1[ I, = : U=|1L| = ]
[l k] [3 1} LLQT 0 8

Problem 3 Polynomial interpolation

Now we set
uy =1[0 8], lr =

ol

Suppose we approximate a function f € C?[—1,1] by the linear polynomial
p(z) that interpolates f at two distinct points xg, z; € [—1,1]. Then there is
some & € (—1,1) such that

1) = o) = w@ T w e

(Continued on page 3.)
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where
w(x) == (r — x0)(x — 21).

Suppose we decide to set zp = —A and z; = A for some A € (0,1). Which
value of A\ minimizes

Joll = o (o),
and what is the value of ||w|| in this case?

Answer: With this choice of the z;,
w(z) = (x— (=) (x—\) =27 =\

Since w is convex, its maximum is attained at + = —1 or = 1. So its
maximum is 1 — A\?. Its minimum occurs when w'(x) = 0, i.e., when z = 0,
and so its minimum is —\?. So we minimize ||w|| by choosing A such that

1— A=)\

and so A = 1/v/2. Then |jw|| = 1/2.

Problem 4 Square root

Your calculator is broken, the internet is down, and you need to compute
the square root of a positive number a. You decide to do this by solving the
equation

flz) =2 —a=0,

and use Newton’s method to approximate the root of f (which is the square
root of a).

4a

If {zx}, £ = 0,1,2,..., is the sequence of approximations in Newton’s
method, show that z,.; can be expressed as a function of z; and the
ratio a/xy.

Answer: Newton’s method is

f(zy) i

fL’k_;,_l:Ik—W, :0,].,2,....

Since f(z;) = 22 —a and f'(x1) = 225, we have
k

ri—a 1 a
Thotl = Tk 2wy §<xk+x_k>

(Continued on page 4.)
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4b

You need to compute the square root of 3. Starting with xy = 2 what are
your approximations x; and xo?

Answer: . 1<2+ 3) 7
== 2y L
1,7 32 _127412 97
n=30G+71) =3+ 7) = %
4c

Let z, > 0 be the root of f and define the k-th error, e, := xp — x,. What

is the ratio
€k+1
ex’
and what does this say about the rate of convergence?

Answer: Since a = 22, we find

_ 1 x2
€k+1—1‘k+1—1‘*—§ T+ — | — T«

1
= Z_xk (xi + xi — Zxkx*)
1 2
= (1) = e
Q.Tk Q.Tk

and so egy1/€2 = 1/(2x;). Since 1/(2x;,) approaches the constant 1/(2z,) as
k — oo, the convergence is quadratic.

Problem 5 Least squares

Suppose you have data (¢;,y;), j = 1,...,m, with ¢;,...,,, distinct and you
want to model it with a function p(t) using least squares approximation, i.e.,
by minimizing

DN | —

Z(p(tj) — ;).

5a

You decide to choose a model of the form
p(t) = 1 + 9t

with parameters z1, 5. This means minimizing

1
“llAx — vII2

(Continued on page 5.)
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where x = [z1,22]" andy = [y1,...,ym]T. (i) what is the matrix A, (ii) what
are the normal equations, and (iii) what is the QR method for finding the
minimum?

Answer: (i) A is the matrix

1 %
A= :
1 t,
(ii) The normal equations are
AT Ax = ATy.

(iii) The QR method is to factorize A as A = Q1R;, where @y is m x 2
with (two) orthonormal columns, and R; is 2 x 2 and upper triangular. The
solution is then the solution to the 2 x 2 linear system

Rlx = Q{ya

which can solved by back substitution.

5b

Your research colleague suggests that a better model for your data set would

be a function of the form
(t) L l‘gt
PO =Tt

In this case, which two methods could you try in order to minimize

Z(p(tj) —y5)°,

Jj=1

N | =

based on Newton’s root-finding method?

Answer: We want to minimize the function f : R?> — R defined by

j=1
where
.TQtj
rji= — ;.
/ T+ t]’ Yi
To do this we can try to find x = [z1,75]7 where Vf(x) = 0. Newton’s

method for this is the iteration
xF = x® — (H(fP) ViR, k=012,

where

0x20x1 0202

of 9*f 9%
Vi) = [%ﬁ] CH((0) = [%@m 6%12%] |

(Continued on page 6.)
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The other iterative method is the Gauss-Newton method. To explain this let

ri=[ry,...,rnT and
ory ory

o1 Oz
J(x) =] :

Orm  Orm

oz Oxo
Then

Vf=Jr,
and
H(f)=J'J. +Q,

where

m

Q = Z riH(r;).

The Gauss-Newton method is the approximation to Newton’s method made
by approximating H(f) by JIJ,.

Good luck!



