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Problem 1. Consider a 1 x n rectangle which is to be covered by the
following three kinds of blocks:

e ted 1 x 1-blocks
e blue 1 x 1-blocks
e green 1 x 2-blocks

The following figure illustrates all ways of doing this for n = 1,2, 3:
n=1:

n=2: [ I I
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Let ag = 1, and for n > 1, let a,, be the number of coverings as above.

(a) Find a recurrence relation for a, in terms of a,_; and a, o for all
n > 2.

(b) Express the generating function of the sequence a, as a rational
function.

(c) Find an integer k£ and real numbers by, ..., by, c1,...cx such that

k
an = b}
i=1
holds for all n > 0.

(d) For which numbers b € R is it true that the function f(n) = a, lies
in O(b"™)?

Solution:

(a) Let n > 2, we want to determine a,. There are three choices for the
rightmost piece in the covering, namely red, blue and green. If the
rightmost piece is red, there is a 1 X (n — 1)-rectangle left to cover,
which shows that there are a,_; ways to cover a rectangle where the
rightmost piece is red. Similarly, there are a,_; ways to cover the
rectangle with a blue rightmost piece, and a,,_o ways to cover the
rectangle with a green rightmost piece. This shows that

(p = Ap—1 + Ap_1 + Ap_o = 201 + Ap_2.



(b) Let A(2) = 32,50 a,2". The recursion relation shows that

anz = an—1 n— = n * anz .
> apzt =) (2 tap2)2" = 2a,2" T+ Y a2

n>2 n>2 n>1 n>0

The left hand side of this equation is A(z) — ag — a1z, while the right
hand side is 22(A(z) — ag) + 22A(z). Inserting ap = 1 and a; = 2, we
find the equation

A(z) =1 =2z = 22(A(2) — 1) + 22A(2),

which we solve to get

1
Alz) = ———.
(2) 1—2z— 22
Alternatively: By Theorem 3.1. of Aigner, we know that A(z) =
p(2)/q(2), where q(z) =1 — 2z — 2% and the degree of p(z) is at most
1. Multiplying out, we find

p(2) = q(2)A(2) = (1-22—2")(ap+arz+ > an2") = (1-22—2%) (14224 _ a,2").

n>2 n>2

Since we know p(z) is a polynomial of degree at most 1, we only need
to compute the terms of z-degree at most 1 in this product, which gives
p(z) =1—22+2z=1. Hence A(2) = p(2)/q(z) = 1/(1 — 22 — 2?).

(¢c) We want to use partial fraction decompositions to write

1 C1 Co

1—22—22_1—b12+1—b2z'

We know that then b, by are the roots of the polynomial w? — 2w — 1.
Solving with the quadratic formula gives

bhi=1+V2, by=1-+2
Multiplying both sides by (1 — b12)(1 — bez) we get
L=c1(1—=b2)+ca(1 —b12) = (c1 + c2) — (brca + bacy) 2.
To find ¢ and ¢o, we either solve the system of equations

1= 1+ ¢
0= Clbg + Cgbl,



or alternatively argue as follows: Inserting z = by and z = b, ! gives

1= Cl(l — blbgl)

and
1=cy(1—bibyt).
This gives

1 V2
=(1—bby" )y t=- -2
a = ( 1b57) B 1

and
V2

1
Cy = (]. — bgbl_l)_l = 5 T

In terms of the generating function, we then have

1 C1 ©
n = - b b 7
nz%az 1—22z— 22 1—b1z 1—622 nz::OCl toabz)2
SO
an:clb?—FCng
for all n > 0.

We have f(n) € O(b") if and only if there is some constant C' > 0
and integer N such that |f(n)] < Cb™ for all n > N. We claim that
f(n) € O(") if and only if b > b;.

We first show that f(n) € O(b}). Since |by| < |by|, we have
|caby| < leabl| = |ea|[207]
for all n > 0. Then
[f(n)] = [erb + by | < [erbf] + [eaby| < lexdy| + |ebf| = (1 + c2)bf

for all n. We may thus take C' = ¢; + ¢ in the definition, showing
f(n) € O(b}). Since b € O(b") for any b > by, it follows that
f(n) € O(™) for all b > by.

We now show that if 0 < b < by, then f(n) ¢ O(b™). We have
|f(n)[/b" = |er(b1/b)" + ca(ba/b)"| = c1(b1/b)"|1 + c2(b2/b1)"|.

Since |bs] < |bi|, we have (be/b1)" — 0 as n — oo, and so
|14+ ca(ba/b1)"| — 1 as m — oo. Since b < by, we have (b /b)" — oo as
n — oo. It follows that | f(n)|/b™ — oo as n — oo, which means there
can be no C such that |f(n)|/b" < C for sufficiently large n. Hence

f(n) € O(b").



Problem 2. What is the number of permutations 7 of the set {1,2,...,n}
such that none of 1,2 or 3 are fixed points of 77

Solution: Let A be the set of permutations of {1,...,n}, and for
i € {l,...,n}, let A; C A be the subset of permutations such that i is
a fixed point. We are asked to find the size of the set of permutations such
that none of 1,2, 3 are fixed points, which is the set A\ (4; U Ay U A3).
By the inclusion exclusion principle, we have

|A1UAUA;s| = | Ay |4+ As|+| As|—| A1NAs|—| A1NAs|— | A2NAs|+| AN AN A

Permutations in A; fix the element 1, and permute the elements 2, ..., n.
Therefore A; is in bijection with the set of permutations of {2,...,n}, so
|A;| = (n — 1) Similarly |As| = |A3] = (n — 1)L

Permutations in A; N Ay fix the elements 1 and 2, and permute the
elements 3, ..., n, giving similarly |4; N As| = (n — 2)!. Similarly we find
|A2 N A3| == |A1 N A3| = (n - 2)‘ and ‘Al N A2 N A3| = (n - 3)'

Inserting this we find our answer

Problem 3. Let G = (V, E) be a graph. A circuit of length [ in G is
a subgraph C' of G with [ distinct vertices wui,us,...,u; and [ distinct
edges uiug, ugus, . . ., u_1u;, wyu;. A Hamiltonian circuit of G is a circuit
containing every vertex of G.

(a) Find all Hamiltonian circuits in the hypercube graph ()3 that contain
the edges (0,0,0)(0,0,1) and (0,0,1)(0,1,1).

(b) Find all Hamiltonian circuits in the complete bipartite graph Kj 3.
(c) Show that K34 has no Hamiltonian circuit.
(d) For n > 3, find the number of Hamiltonian circuits in .

Solutions: a): We denote vertex (i, j, k) as ijk and edges by the symbol —.
We consider our options for how to extend the path 000—001—011 one vertex
at a time. Having built the start of the circuit 000 — 001 — 011 —ug — - - - —u;,
let us say the valid choices for the successor of u; are vertices v such that
v is a neighbour of u;, and such that v has not appeared previously in the
path.

Beginning with 000 — 001 — 011, the valid successors of 011 are (A) 010
or (B) 111.



Case A: With the path 000 — 001 — 011 — 010, note first that 100 is the
only one valid choice of vertex preceeding 000, so our circuit must contain
the path 100 — 000 — 001 — 011 — 010. From this point on, there is only
one valid successor of 010 and all the vertices added after it, leading to the
Hamiltonian circuit

100 - 000 - 001 — 011 — 010 — 110 — 111 — 101 — 100

Case B: Our path is 000 — 001 — 011 — 111, and we have two valid
successors of 111, namely (B1) 101 and (B2) 110.

Case B1: Our path is 000 — 001 — 011 — 111 — 101. From this point
there only one valid successor of 101 and all vertices added after it, giving
Hamiltonian circuit

000 — 001 — 011 — 111 — 101 — 100 — 110 — 010 — 000.

Case B2: Our path 000 — 001 — 011 — 111 — 110. The two valid choices
of successor of 110 are (B2a) 100 and (B2b) 010.

Case B2a: Our path is 000 — 001 — 011 — 111 — 110 — 100. The only
valid successor of 100 is 101, but this then has no valid successors, so we do
not find a Hamiltonian circuit.

Case B2b: Our path is 000 — 001 — 011 — 111 — 110 — 010. The vertex
010 has no valid successors, so we do not find a Hamiltonian circuit.

b) Let us say that the two vertex sets in K33 are S = {a,b,c} and
T = {1,2,3}. We may describe our Hamiltonian circuit as starting and
ending in vertex a. Since every element of S has an edge to every element of
T, a Hamiltonian circuit is thus specified by giving a sequence alternating
between letters (a,b,c) and numbers (1,2,3), such that no letter and no
number is repeated (e.g. alb2c3).

If C' is a Hamiltonian circuit, then the order in which it passes through
the elements of S is either a,b,c or a,c,b. Since Hamiltonian circuits are
considered the same under reversing their direction, we can assume that we
have chosen the direction so that the order is a, b, c. Thus all Hamiltonian
circuits are of the form axbycz where x,y, 2 denote the numbers 1,2, 3 in
some order. Explicitly, we have the circuits

alb2c3, alb3c2, a2b3cl, a2blc3, a3blc2, a3b2cl.

c) Let S and T be the vertex sets of K34, with |S| = 3 and |T| = 4.
A Hamiltonian circuit in K34 would have length 7. By a Theorem 6.4. of
Aigner, a bipartite graph has no circuits of odd length, so this is impossible.
d) Let {1,...,n} be the vertex set of K. Starting from 1, a Hamiltonian
circuit can be specified by listing the vertices it passes thrugh. This gives

>



word of length n — 1 using all the numbers 2, ..., n; conversely, every word
of length n — 1 using all the numbers 2, ..., n gives a Hamiltonian circuit.

As Hamiltonian circuits are considered the same under reversal of
direction, a word ay ...a,_; and its reversed word a,,_1 ...a; give the same
circuit. Thus the number of Hamiltonian circuits is half the number of words.
The number of words is (n — 1)!, so the number of Hamiltonian circuits is

(n—1)!/2.



