UNIVERSITY OF OSLO

Faculty of Mathematics and Natural
Sciences

Examination in MAT3360 — Introduction to partial differential equations
Day of examination: Friday, June 11, 2021

Examination hours:  09:00-13:00

This problem set consists of 7 pages.

Appendices: None.

Permitted aids: Any

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Problem 1 (weigth 15%)

Consider the PDE

u(z,0) = —L

{ut—i—(l—i—xQ)ux =0, t>0, z€R,
14+z2°

Find a solution to this initial value problem.

Lgsningsforslag: The characteristic equation is
' = (1+22), 2(0) =z,
with solution
xo = tan (arctan(xz) —t) .
Hence a solution of the PDE is

1
1+ (tan (arctan(z) — t))z.

u(z,t) =

Problem 2 (weigth 25%)

Consider the function f defined by

sin(7x)
f(as)z{ o

T x = 0.

We have that the full Fourier series of f is given by

a > )
fz) ~ 50 + ’; ay cos(mx) + by sin(kmx).

(Continued on page 2.)
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2a

Explain why the Fourier series converges uniformly to f for z € [-1, 1], and
converges uniformly to a function g for x € R. Draw the graph of g for
x € [-3,3].

Lgsningsforslag: We have that f is continuous on [—1, 1], since

lim f(x) = 7.

z—0
f’ is continuous on [—1, 1] since

, . f(h)—m7 . sin(wh) — wh w2 .
0)=lm———=lim ——5—— =——=1 :
£10) h=  h hs0 h? 2 x%f(x)
Hence the Fourier series for f’ converges pointwise (to its periodic exten-
sion). Then the Fourier series for f will converge uniformly to the periodic
extension of f.

2b

Show that by, = 0 and that

k+1 _:
ak:/ Sn(m) Lk —0.1.2.3....
k

-1 X

Lgsningsforslag: b;, = 0 since f is even. Then

! sin(rx) cos(kmz)

ap =2 dz
0 T
B /1 sin((k + 1)wz) — sin((k — 1)7x) de
= -
k+1 k—1 _;
_ / sin(7y) dy — / sin(7y) dy
0 0 Y

y
(

k41 o
sin(my
:/ 7) dy.
k—1 Yy

(Continued on page 3.)
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2c

Use the Fourier series of f to calculate the improper integral

/ sin(mz) I
0 X

Lgsningsforslag: We know that

7= f(0) = lim ——|—Zak

N—oo

) L sin(7z) N, et sin(mx)

_ /1 sin(7x) PR Z /ks+1 sin(m +i\f:/ml sin(7x) .
0 X N—o00 o1k X
N N+1
= lim sin(re) dr 4+ lim sin(n) dx
N—oo 0 X N—oo 0 x
_ 2/°° sin(mx) I
0 X

Therefore [ Sin(xm) dx =m/2.

Problem 3 (weigth 30%)

Let Q(z,t) be a continuous function @ : [0,1] x [0,7] — R such that the
map x — Q(x,t) is in C2((0,1)) for all ¢ € [0,T]. For k = 1,2,3,... define
Xi(x) = sin(krx).
3a
Define

t 1 N ,

ux@t) =2 [ [ 3" Qs Xula) Xaly)e ) dyds,

070 k=

Show that uy is a solution to the boundary value problem
%UN 1.2UN QN te (OvT]v (S (07 1)7

un(0,t) =un(1,t) =0 >0,
un(z,0) =0,

where

N 1
Qulr,t) =23 Xy () / X (9)Qy, 1) dy.
k=1 0

(Continued on page 4.)
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Lgsningsforslag: We calculate

9 1Y ‘il 2 —(km)2(t—s)

=2 > Qy, t) Xk () Xk (y) dyds — 2 o > Q(y, ) X (@) X (y) (kr)e dyds
k=1 k=1

and

82
Saw=-2[ [ 5™ Q. n ) Xie) il ) dys.
0

k=1

Hence up satisfies the differential equation. It is easy to see that the initial
and boundary conditions are satisfied.

3b
Show that Qn — @ uniformly in [0, 1] x [0, T7.

Lgsningsforslag: We recognise Qn as the partial sum of the Fourier
expansion of Q(-,t)

N
Xp.
; ||Xk||

Since Q(+,t) € CZ((0,1)) we know that its Fourier series converges uniformly
to Q(z,t). This happens for every ¢ in the compact set [0, T]. Hence we have
uniform convergence for (z,t) € [0,1] x [0, T].

3c

Assume that there exists a smooth solution u to the problem

%u—g—;u:Q te (0,T], = €(0,1),
u(0,t) =u(l,t) =0 t>0,
u(z,0) =0,

Set E(t) = ||u(-,t)||, where ||-|| denotes the mean square norm.
Show that .
< [ 1o as

Lgsningsforslag: We multiply with « and integrate over x to find

th L 2 + e O = Gl 8), Q) < -, O QDI

Hence

jt”“( Il < 1QC, 1.

(Continued on page 5.)
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3d

Show that uy converges in the mean square norm to u as N — o0.

Lgsningsforslag: We get that

0 0?

a(U—UN)—@(U—UN)Z(Q—QN)'

Multiply this with (u — uy) and integrate to get

&t t) = un (I < [ 1Q05) = Qa9 ds < 1Q — Qo
Hence )
1) = un ()]l < 5 10 = @wllee 0,
as N — oo.

Problem 4 (weigth 30%)

Consider the transport equation in the periodic setting

ur + ug = 0, t>0, x€][0,1],
u(0,t) = u(1,t) (1)
u(z,0) = f(z),

where f is a given smooth periodic function with period 1.
Consider also the difference scheme

o™t L pm ) e —
2\Uj11 —1 +1 —1 .
Lo = -2 Ajt O B mmﬂ =0, m>0,j=0,1,...,N,
and v™ = vy, v, = vg'. The initial values are given by

09 = f(x;).

Here At is a small positive number, Az = 1/(N +1) and z; = jAz. We also
define t™ = mAt. The scheme is explicit since we can solve for vgnﬂ,
mtl

Yj

1
(1—=r)viiy + 3 (1+r)vity,

N

with r = At/Ax.

4a

Find a condition on r which guarantees that

™M

m m+1
= Yj J

min v < max
i 7 j

for m > 0.

(Continued on page 6.)
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Lgsningsforslag: If 0 < r < 1 then v"*™! is a convex combination of Vit

J
and therefore

g m g m m m+1 m m m
mjlnvj < min {vj_l,vj_H} < v, < max {vj_l,vj_H} < m]axvj .

Assume from now on that r satisfies this condition.

4b

Assume that w}” solves
m m
LAij =9

form > 0 and j = 0,..., N with periodic boundary conditions w™; = wf,
wy 1y = wy'. Here g7 is a given grid function. We assume that wg-) = 0 for
all relevant j. Show that

ey

max ‘wE”:ngN‘ < (m+1)At max ‘gﬂ :
J 5=0,m

yeo

Lgsningsforslag: For m = —1 the estimate holds. Assume that it holds for
m — 1, then
m 1 m m
(I —r)wii + B (1 +T>wj—1‘ + At g7
ax [w]"| + At|g|

< mAt max ‘gﬂ—i— max ‘g;n‘
=0 N j=0,...,.N

4c

Let u be a smooth solution of (1), show that
Lazu(zj, t™) = O(Ax),
and use this to obtain a bound of the error

‘max_ |of" — u(z;, t™)].

§j=0,..,.N ' 7

(Continued on page 7.)
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Lgsningsforslag: We have that (with v} = u(z;,t™))

m 1

i T 9
m 1 m~+1 m

u(z;,t") = A (uj — uj ) + O(At)

1 m 1 m m
=7 (u = (ufiy +ufy) + O(Ax2)> + O(At),

u

(uffy +ul™y) + O(Az?),

J 2
m 1 m m 2
ug(xj, t™) = S (uffty —uf ) + O(Az?).
Since At = rAzx, O(Az) = O(At), using the above we find that
Lagui® = ug + uz + O(Az).
Define el =u;t — vy, we find that

LAx(f;n = O(A.%'),
e? =0.

By b), we get
max |e'| < t™O(Ax).
j

THE END



