
Mat 3360 Lecture (

Differential equation (DE)equation that
relates an unknown function to some

of itsderivatives.

Examples
& u'(t) =u(t) CODE)
· (u"(x))" +sin(x)h'(x) =1 - 10(x) (ODE)
· Uz(x,t) +1G(X) Ux(x,t) =x (PDE)
· uxx(x,y) +4yy(x,y) =e

- (PDE)
When unknown function ismultivariate,
the DE is called a partial
differential equation (PDE)
Otherwise (when unknown is univariate), if

is an ordinarydifferential equation (ODE)

Notation for partial derivatives

of U(X,t);

u
=u ,uxx =u etc.



Terminology
->

The order of a DErefers to the

highest derivative in equation.
EX

·u!(x) + 2
u(x)

= sin (x)

is second order

· Uttx(X,t) +(Utt(X1t).)
3
=sint)

is third order

A DE on the form

f(u) =f (1)
L 2

call terms cremaining

involving unknown) terms)

-is called homogeneous iff
=0,

otherwise nonhomogeneous
-

(i.e.,when f0).



f(u) =0 iscalled the

homogeneous part of (1)).

Ex
us(x,t) =e*Uxx(x,t) +sin(xt)

=> m(x,t) -etUxx(x,t) =(x)
mone

2(u)
=f(x,t) +0

is nonhomogeneous.

A DE (1) is called linear
-

if its homogeneous part f(u)
=0

satisfies

f(qu +BV) =2f(u) +pL(V) (2)

for all Beth and all suitable

functions U.V.

If(2) does not hold, the DEis
nonlinear.



EX given
/

Uz(x,t) +a(xit)ux =0
--

f(u)
is homogeneous

and linear since

G(xu +Bv) =(qu +Bv)t +a(xit)(qu +pv) x
=Qut +BV +a(X,t)(xux +pvx)
=a(ut +a(x,t)vx) +B(Vt +a(x,t)Vx)
=Gf(u) +BX()

ux

(Nonlinear terms in n, like U, e
Mux, etc. make G(U) nonlinear.



#namericalmethod

Consider ODE

u((t) =u(t) 3 => u(t)
=voet

u(0) =40

Approximation

U(t) = ut)
- u(t)

At

leads to equation

V)- v(t) = V(t) 3(3)At

V(0)
=40

solve on mesh tw
=mAt,mdy ...

Then

V(tm+1) =V(tm) +AtVlm)
=(1+ At)V(tm)

=(1 +At)m
+

no



For two, take At s.M =

is an

integer. Then trtand

↓v(tm) - u(tm)) =1(1 +1t)"no
- e-no)

=(40))(1 +1t)*- 2
+

1
--

-> O as At +0

=> numerical method converges.



#sportequations

Want to solve (first-order, linear

homogeneous) the PDE

Uz(x(t) +a(xit)Ux(xit) =0 xtR, t30
(4)

with u(x,0) =f(x) x<M,]
where a and I are givensmooth

functions.

Consider the ODE

x((t) =a(x(t),t) (s03(5)
X(0) =X0

and the function

h(t) ==U(X(t), t) where a solves (4).



Then he is constant, as

h((t) = u(X(t),t)
= Ux(x (t),t) X ((t) +U+(x(t) ,t/

=Ut (X (t),t) +a(X(t),t)Ux(X(D),t)

(4) o

=>h(t)
=u(0)

=>M(X(t),t)
=u(X0,0) =9(x0)(6)

ais constant along characteristic

curves (x(t), t)

a constant

X
< along carol

(xit),t)

1
x



Method of characteristics:

1. Find inversion mapping
(x,t) +> Xo(X,t) S.E. ODE(5)
satisfies X (t) =x

2. Formal solution

(b)q(X0(X,t))
Examples
a(xit) =a constant in

Ut +aux =0

U(X,0) =G(X)
ODE

x((t)= a3 =>X(t) =xo +at
X(0)

=40

Inversion:No
=x - at

and u(x,t) =d(X0(X(t)=G(x-at)



- q(x)
-> u(X,t) =G(X-at)

at
->e#*

↑

-

&x
(solution transported along x- axis).

Example
Uz ↓ Xux

= 0

u(X,0) =sin (X)

ODE

X ((t) =X(t)

X(0) =X0

=>x(t) =xoet
1

=>Xo(X,t) =e
-

+

X

and u(x(t) =U(x0(x,t),0)
=Sin(e

+

y)



NomogeneousPDE
consider next

Ut +a(X,t)Uy =b(x,t)

u(X,0) =G(X)

with a, b, 4 given
smooth

Equation for
characteristics:

X((t) =a(x(t),t)

x(0) =X0.

Study again h(t) =U(X(t), t):

h'(t) = u(X(t),t)
=Uz(X(/,t) +a(X(t), t)Ux(X (t),t)

=

b(X(t),t)

=>h(t) =h(0) +fb(x(s),5)ds.
solution:

u(x,t) =9(X0(x,t)) + b(x(3),5)ds



Example
-

Uz +Ux =cos(*)

u(X,0) =G(X)

ODE

X'(t) = 13=X(t) =x0+t
X (0) =40

&Xo =X
- t

u(X,t) =9(X0) + 6(X(s))ds
=G(x0) +sin (Xo+t) - Sin (x0)

= G(X-7) + Sin (x)
- sin(x -t)


