
MAT 3360 Lecture 2

The wave equation

Ut+ (X,t) =Uxx(X,t) ts0, X>

u(X,0) =G(x)

ut(X,0) =f(x) Si
models for example vibrating string

· U(X,t) displacementfrom stationary
State U =0 at point xand

time t

· U(xit) velocity of displacement at (xit)

· HetNit) acceleration-1-

(relates to uxxbyequation
·04t<tz

↑ -

- u(X,0)

*
- u(X,t,)
-- ->

x
-U(X,te)



Solve (i) by introducing

Y =x+t and z =x -t

and define

V(Y,z) =U(X,t)

(given byVH.z)=U(zEF)
Chain rule gives
Ux =vyy +Vzzz=Vy +Vz

uxx=Vyy +2Vyz +Vzz

and similarly
Ut =vy - vz and

Utt =Vyy- 2Vyz +Vzz
·

wave eg. yields that

O =Uzz - xxX= - 4Vyz

=>Vyz =0

=>V(y,z) =f(y) +g(z)



for some functions fandg.
(Show this in exercise 1.12) ·

This gives

u(x,t) =V(y,z) =f(y) +g(z)3(2)
=f(x +t) +g(x

- t)

Determine og byinitial
condition in (1):

f(x) =u(X,0)
=f(x) +g(x) (3)

=>q'(x) =f(x) +g((x)(4)

And u(x,t) =f'(x+t) - g)(x - t)

=>u(x) =Uh(X,0) =f(x) - gi(x)(s

(4) and(5) gives us

f
1

N and g =I
Byintegration,

f(s) =() +ci teS.Y(0) do 3 (6)
g(5) =9) +(2-1). U(8) do



consequently,
f(s) +g(s) =9(5)

+4 +(z
S

but(3) tells us that 4 +C= 0.

f(s) +g(s)
=4(5) S

Obtain solution from (2) and (6):

u(X,t) =f(x
+t) +g(x- t)

=E(9(x+t) +G(x-x) +sdo-07

=
AG(x

- t)
+z((xv(0) do



d 'Alembert's formula

U(Xit) =Gt
+G(X-t)

+JXardo

Domain of dependence:
·(X(t) u(X,t) on ly

on solution

data for (x,t)#evenmanyre
*



Example
->

Utt =UxX

G(x) =sin(X)

x(x) =CoS(X)

d 'Alembert's formula

u(X,t) =s)
+ sin(x-)

+(im(G) do

=St)
+sin(x-t)

t↑)=
sin (x- t)

=Sin (x+t).



#oequation

Uz(X(t) =Uxx(x,t) x -1R ,t> o

· X10u(X,0) =H(x):=G,xx 3 (7)
can model evolution of temperature
in homogeneous media where

U(xit) - temperature at point
at

time t

U(xit) - changeindemperaturesat
one



steps solution of (7):

I show that U(x,t) =WCE) ftso

for some W:R- 1R,

2. Insert Win(7) to obtain ODE
&

for Wo

3. Solve ODEfor determine
wandu.

Sepfo
For any <so, define

V(xit) =U(cX, ct) .

Then
V(X,0) =u((X,0) =H((x) =H(x)

and
vx(xit) =( (((X, (t)

Vxx(x,t) =C2uxx ((X,(t)

Thisand (7) implies that

V(X,t) =Vxx(X,t)



Observation: For anyCS0,
v(x,t) =U((X,(27) is solution of (7)
& uniqueness of solution (TAKEAS FACT

=>u(X,t) =u((X,(27) UCsO

Taking C =NVEgives S

U(X,t) =U(,1)
·

This means the solution must be
on the form

u(x (t) =w() for some WReIR.

Step 2. Introduce variable y =E> and
determine W(Y).

·

Boundary conditions :
For fixed xo, we formallyhave

W(0) =lim W(E) =limU(X,t)
+60 t60

=H(X) =0
And for XxO,
w(0) =hmw(*) =H(x)=



ODE for W =

By chain rule

U+(x(t) == W(Y) =Wi(y)
Ot

=

- t(y(2)W((Y)
and

Mxx(x,t) =t-w"(y)

Since Ut-Uxx =0,

We obtain ODE

W "(y) + (Y(2)WI(Y) =0 YER

w( - 0 =0, w(0) =1

Step 3. MultiplyODEwith
eMY4

=> (e+4w'(y))
=
0

=
y2/4

w((y) =ce
=>



=>w(y) =cfe
- 5/4asare
Y/2 z

=ef
-
xe

-
o

d8

and determine constant by
Y/2.02

1 =w(0) =2cf edo
-

=2c VT

=>c =a

55

w(x) = # -
k

z
-

--
do

and we obtain solution to (7):

x/2Vz

u(X,t) =w() =(
-

-e
- 0d0



u(X,0)
u(X)t

↑#9

x


