
MAT3360 Lecture 3

Poisson's equation in ID

- u"(x) =f(x)

xxaiTy (1)u(0) =u(1) =0

can model
1

u(x)-displacement of elastic
stringof X

f(x) - force on string in y-direction

↑
↑fpf pfpf *f *

- u(x)

! ·

I can also model the electric potential
u

subject to charge density f).



Plan
-

1. Existence uniqueness
of solution

to (1)

2. Representation of solutions using a

Green's function.

1. Integrationof (1):
Y
u"(z)dz =

4 -fY(z)dzu(y) =x +Som
= - f(z)

and
u(x) =cx +x - f)"f(z)dzdy

=c,x +12 -)"F(y)dy

where F(Y):So"f(z) dE.
Integration byparts:

6.F(y) dy =yF(y)].
-

(yF'(X) dy
=XF(X) - f yf(y)dy

=
6(x-y) f(y) dy



=>
u(x) =x +2X - 5.(x - y) f(y)dy

u(0) =0 => (2 =0.,
u(i) =0 =>2 =f(1 - y)f(x)dy
solution:

u(x) =xf0x -y) f()dy - "(x- y)f(y)dy(2)

Theorem For anyfe (((0,1),
-

the ODE - 4"(x) =f xt (0,))

u(0) =u() =0

has a unique
solution given

by(2), and ut(((0.1)



Nation
(m(011) ==59: (0.1) 31R1 gim) =C(10,7))3

C((0,1) = g:[0,BeIR/ such that
gtC((0,D) and limits

lingly) andhim g(a) existof

(((0,1)). =[g+c"(0,1)) 1 C((0,1) (g(0) =g() =03
Improved regularity of solution:

If fe(M(01)), then Ue(m*((0.1) ·
-

Examples
· For f(x) =0
u(x) =xS(l -y)dy- Sox(x- y) dy

=+#x)
(Note U(((01)) for any mo)



· For f(x) =x,

u(x) =xf.( - y) ydy - (x- y) y dy
= - x-).

Alternative solution representation
-

We rewrite (2)

u(x) =5.x( - y)f(x)dy - 50(x- y) f()dy
=Sxx( - y()f(y)dy

+**- (x - y)) f(x) dy
=Y - XY

=6"y(1- x) f(y)dy +S;x(1 - y) f()dy
Introduce Green's function

G(x,y):=5 y(( -X)0Y1X=1
x(1 - y) 02X = y()



Then

u(x) =60'G(x,4) f(x) dy (4)

Properties of G

· G is continuous on
[011 x(01]

· symmetric: G(x,y) =G(Y,X)

· zero on boundary nmπ

G(x,0) =G(x,1)
=G(0,y) =G(,y) =0

· G(Xix) = 0 for all X,Yt [0il]

· For fixed x, G(x,y) is piecuise
linear

function ofy, and vice versa

G(5,X) G(5,Y) ① G(x,Z)

* It ·

-i



For anyge(((a)), we introduce
the sup norm

118110: =sup (g(x)|
x + [01]

Theorem Let feC(8,B)
-

and let u be the unique solution

of - u"(x) =f(x) xt (a)

u(0) =u() =0.

Then Vullo ollfla

Proof By(4) and G20,

(u(x)1 =150'G(x,y) f(x)dy)
< JG(x, y) H(Idy
<llflaJ.G(x,y) dywon

solution of (1) whenf

= 1f10XX)



=> sup M(x)1 => lla
Xt[01]

B

Remarks

· If f10, then Us0, since

u(x) =f)dy =0 ·

-0 -0

(Non-negative force leads to non-

negative solution.)

· solutions to (1) many exist even

ifft(((0, ()

Example For

f(x) =H(X - z) =90x+



By (2),

u(x) =xf'(1 - y) H(x -Edy-S."(x- y) H(y-dy
=x((1 - y) dy - Smaxciex- y) dy

max(xiz)
=X(-kyy+ [((*2]

=

= (*
x = z

- - 12)2 x > E

Here U(0) = UL =0 and ueCol(ail),
but udC(101) (since +$C((0,1)).



Americalmethod

- u"(x) =f(X) x+ (05](5)u(0k =u(1) =0

where we assume ft("([011])

strategy:Approximate vl(x) by

finite differences and solve equ

on discrete mesh on [01].

Taylor series
--

For gt("(01B) and any points 02xxxxha1/

g(x+h)
=g(x) +g(x)h +g"(x)E +gp(x) + ifyl,

for some Y-[x,xth]
=O(h")

Similarly, for any
02X-h <X=1,

g(x - h)
=g(x)

- g'(x)h +gY(x)E
- g(3)(x)+O(h")

Itfollows that

ag(x)
+g(x-h)

=g+(x) +0(h)



Mof [o,]:

Choose integer n, stepsizeh=w
and meshpoints

Xj
=3hj =0,(...)n+1

A sequence Vi
=v(x)) i =0,..., n+)

is a discrete function on (0, 1]

-

↑ -⑥ ·-....↓
Xo XI xn

+1

Dn= =5(0,V,..., Vnn) -Ru+2]
=set of discrete functions
on mesh with step size h

on [O.D.



Discrete Poisson equ. Find veDi
such that

->

-2V +Vi=
f(x))j=1,2--,n

12

Vo =Vn+ =0

Equivalently,
- Vi+ 1

+2V - Vj - 1
=hf(x))( =1,21,4

Vo=Vn+10

This is a linear system of

equations:
2v. - Vz =hf(x))
-VI +2V - V3 =hf(Xz)

- Vz t2V3-Vy =hf (X3)
* z

2

&

-

&

z ·
↳ ④

- Vn
- 1

+2Vn =hf(xn)



can be written

2 - 1 n2fcxe
- I 2 - II - 1 - ↑ififa

AcRuxy b

AV =b has unique

solution since Ais invertible

Iwill studynext week).


